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ABSTRACT
TRIANGULAR BLOCK MATRIX RINGS 
by
PAUL L. ESTES
In  t h i s  p a p e r ,  we i n v e s t i g a t e  f u l l  l o w e r - t r i a n g u l a r  
b l o c k  m a t r i x  r i n g s ,  h e r e a f t e r  c a l l e d  " f u l l  T - r i n g s " ,  o v e r  an 
a r b i t r a r y  r i n g  w i t h  u n i t y .  A l th o u g h  much h a s  b e en  w r i t t e n  
a b o u t  f u l l  T - r i n g s  o v e r  a f i e l d  o r  o v e r  a com m uta t ive  r i n g ,  
v e r y  l i t t l e  seems t o  be  known a b o u t  more g e n e r a l  T - r i n g s .
A f t e r  d e v e l o p i n g  some b a s i c  p r o p e r t i e s  i n  C h a p te r  
One, we e x p l o r e  in  C h a p te r  Two t h e  i d e a l  s t r u c t u r e  o f  a f u l l  
T - r i n g .  We d e s c r i b e  e v e r y  i d e a l  as  a d i r e c t  sum o f  "homoge­
n e o u s "  a d d i t i v e  s u b g r o u p s  whose e n t r i e s  fo rm  i d e a l s  o f  t h e  
b a s e  r i n g  w h ich  i n  t u r n  s a t i s f y  some v e ry  n i c e  c o n ta in m e n t  
r e l a t i o n s .  We t h e n  d e t e r m i n e  some s p e c i a l  i d e a l s  such  as  t h e  
p r im e  i d e a l s ,  t h e  p r im e  and J a c o b s o n  r a d i c a l s ,  and the  a n n i ­
h i l a t i n g  i d e a l s .  A n e c e s s a r y  and  s u f f i c i e n t  c o n d i t i o n  i s  
g iv e n  f o r  a f u l l  T - r i n g  t o  be d eco m p o sab le  i n t o  a d i r e c t  sum 
o f  i d e a l s .
Suppose  a f u l l  T - r i n g  R h a s  F as  b a s e  r i n g  and d i a g ­
o n a l  b l o c k s  o f  s i z e s  . One way o f  r e p r e s e n t i n g
R i s  F . A  s e c o n d  r e p r e s e n t a t i o n ,  FB , i s  i n  t e r m s
> • • • > n r
o f  F and a s e t  o f  m a t r i x  u n i t s  B = {e^j  | ( i , j )  e T} w here  T 
i s  an a p p r o p r i a t e  i n d e x  s e t .  C h a p te r  Three  i s  an i n v e s t i g a -
v
t i o n  o f  t h e  u n i q u e n e s s  o f  t h e s e  two r e p r e s e n t a t i o n s .  Examples 
a r e  p r o d u c e d  w h ich  show t h a t  t h e s e  r e p r e s e n t a t i o n s  a r e  h i g h l y  
n o n - u n i q u e .  Theorems a r e  t h e n  p r o v e d  w h ich  g iv e  c o n d i t i o n s  
f o r  v a r y i n g  d e g r e e s  o f  u n i q u e n e s s .
The p u r p o s e  o f  C h a p te r  F o u r  i s  t o  g iv e  a d e s c r i p t i o n  
o f  t h e  r i g h t  and l e f t  o r d e r s  i n  a f u l l  T - r i n g .  T h i s  i s  m o t i ­
v a t e d  by t h e  F a i t h - U t u m i  Theorem (1965)  and i t s  s u b s e q u e n t  
g e n e r a l i z a t i o n  by J o h n s o n .  The l a t t e r  g i v e s  an i n t e r n a l  
d e s c r i p t i o n  o f  a g iv e n  r i g h t  o r d e r  i n  a t o t a l  m a t r i x  r i n g  
o v e r  a l o c a l  r i n g .  T h i s  r e s u l t  i s  e x t e n d e d  h e r e  t o  T - r i n g s .
I t  i s  shown t h a t  any r i g h t  o r d e r  i n  a f u l l  T - r i n g  o v e r  a 
l o c a l  r i n g  c o n t a i n s  a s p e c i a l  r i g h t  o r d e r  w h ich  can  be e x ­
p r e s s e d  i n  t e r m s  o f  s e v e r a l  r i g h t  o r d e r s  o f  a s u i t a b l e  b a s e  
r i n g .
CHAPTER I 
INTRODUCTION
1 .1  O verv iew  - An I n t u i t i v e  Summary
T h is  t h e s i s  i s  an i n v e s t i g a t i o n  o f  f u l l  t r i a n g u l a r  
b l o c k  m a t r i x  r i n g s  w h ic h ,  f o r  t h e  s a k e  o f  b r e v i t y ,  we w i l l  
c a l l  f u l l  T - r i n g s .  These  a r e  r i n g s  o f  m a t r i c e s  o f  t h e  form
t h e  s y s te m  i s  s im p ly  t h e  r i n g  o f  n^ by n^ m a t r i c e s ,  o r  a 
t o t a l  m a t r i x  r i n g .  T hus ,  e v e r y  t h e o r e m  a b o u t  f u l l  T - r i n g s  
y i e l d s  a c o r o l l a r y  on t o t a l  m a t r i x  r i n g s .
w h ic h  t h e  e n t r i e s  a r e  t a k e n )  i s  t h a t  i t  c o n t a i n  a u n i t  
e l e m e n t .  A s e a r c h  o f  t h e  l i t e r a t u r e  h a s  i n d i c a t e d  t h a t  w h i l e  
much i s  known a b o u t  s p e c i a l  t y p e s  o f  T - r i n g s ,  f o r  exam ple  
T - r i n g s  o v e r  a f i e l d ,  v e r y  l i t t l e  h a s  b een  w r i t t e n  a b o u t  
T - r i n g s  i n  g e n e r a l .  Thus we d e v e l o p  b a s i c  p r o p e r t i e s  i n  
C h a p te r  One.
C h a p te r  Two i s  a d e t a i l e d  a n a l y s i s  o f  t h e  i d e a l  
s t r u c t u r e  o f  a f u l l  T - r i n g .  In  t h e  f i r s t  s e c t i o n  we o b t a i n
Br2
w here  e a c h  b l o c k  i s  an n^ by n^ m a t r i x .  I f  r 1 , t h e n
The o n ly  a s s u m p t io n  on t h e  b a s e  r i n g  ( t h e  r i n g  from
1
2an i n t e r n a l  c h a r a c t e r i z a t i o n  o f  a l l  t w o - s i d e d  i d e a l s .  I t  i s  
shown t h a t  e v e r y  i d e a l  can be v i s u a l i z e d  as  a t r i a n g u l a r  a r r a y
K11 0
K21 K22
Kr l Lr2 Kr r
o f  homogeneous b l o c k s  Kjj  . The e n t r i e s  o c c u r r i n g  i n  t h e  
( i > j ) t 1^ b l o c k  a r e  f rom an i d e a l  o f  t h e  b ase  r i n g .  
F u r t h e r m o r e ,  t h e  b l o c k s  become more d e n s e l y  p o p u l a t e d  as we 
move l e f t w a r d  o r  downward. More p r e c i s e l y ,  th e  i d e a l s  
s a t i s f y  t h e  r a t h e r  n i c e  c o n ta in m e n t  r e l a t i o n s
*11n
K21 ^  K22 n n
n n
Kr l ^  Kr2 D r r
I n  s e c t i o n  tw o ,  we f i n d  a l l  t h e  p r im e  i d e a l s  and 
maximal r i g h t  i d e a l s  and  t h e n  use  them t o  c a l c u l a t e  t h e  
p r im e  and J a c o b s o n  r a d i c a l s .  N e x t ,  we l o o k  b r i e f l y  a t  l e f t  
and r i g h t  i d e a l s  and  f i n d  t h a t  t h e i r  s t r u c t u r e  i s  n o t  so 
e a s i l y  p i n n e d  down as  t h a t  o f  t w o - s i d e d  i d e a l s .  I n  s e c t i o n  
f o u r ,  i t  i s  p ro v e d  t h a t  a f u l l  T - r i n g  i s  deco m p o sa b le  i n t o
3a d i r e c t  sum o f  i d e a l s  i f  and o n l y  i f  t h e  b a s e  r i n g  i s  a l s o .  
F i n a l l y ,  we d i s c o v e r  a l l  o f  t h e  l e f t  (an d  r i g h t )  a n n i h i l a t i n g  
i d e a l s .  E v e ry  l e f t  a n n i h i l a t i n g  i d e a l  h a s  t h e  form
where  t h e  a r e  l e f t  a n n i h i l a t i n g  i d e a l s  o f  t h e  b a s e  r i n g  
and Kx 3  K2 ^  . . . 3 )  Kr  .
K a p lan sk y  r a i s e d  th e  q u e s t i o n  o f  t h e  u n i q u e n e s s  o f  
a t o t a l  m a t r i x  r i n g .  T ha t  i s ,  i f  Fn i s  i s o m o r p h i c  t o  Kn , 
i s  F i s o m o r p h i c  t o  K ? In  C h a p t e r  T h r e e ,  we c o n s i d e r  t h e  
a n a l o g o u s  q u e s t i o n s  o f  u n i q u e n e s s  f o r  f u l l  T - r i n g s .  F o r  
e x a m p le ,  s u p p o s e  two T - r i n g s  a r e  i s o m o r p h i c .  Are t h e i r  b a se  
r i n g s  t h e n  i s o m o r p h ic ?  Are t h e  s i z e s  o f  t h e  b l o c k s  t h e  same? 
Or a t  l e a s t  r e l a t e d  i n  some m anner?  We g i v e  exam ples  w h ich  
show t h a t  t h e s e  q u e s t i o n s  can be g e n e r a l l y  an sw e red  i n  the  
n e g a t i v e .  Theorems t h e n  f o l lo w  which  g iv e  c o n d i t i o n s  f o r  
v a r y i n g  d e g r e e s  o f  u n i q u e n e s s .
I n  C h a p te r  F o u r ,  we i n v e s t i g a t e  t h e  r i g h t  a n d  l e f t  
o r d e r s  i n  a f u l l  T - r i n g .  We f i n d  t h a t  e a c h  r i g h t  o r d e r  in  
a f u l l  T - r i n g  o v e r  a  l o c a l  r i n g  c o n t a i n s  a  r i g h t  o r d e r  o f  
t h e  form
K2
4where  t h e  a r e  r i g h t  o r d e r s  o f  a s u i t a b l e  b a s e  r i n g .  T h is  
g e n e r a l i z e s  t h e  F a i th - U tu m i  Theorem.
1 .2  B a s i c  C o n c ep ts  and N o t a t i o n
A T - r i n g  w i l l  be d e f i n e d  as a c e r t a i n  s u b r i n g  o f  a t o t a l  
m a t r i x  r i n g  Fn . T h e r e f o r e ,  we f i r s t  d e f i n e  t h e  l a t t e r  as 
done i n  [20] and  i n  [13] .
1 . 2 . 1  D e f i n i t i o n . Fo r  any r i n g  w i t h  u n i t y  1 , a
f i n i t e  s u b s e t  ( e i j  | i , j  = l , . . . , n }  o f  R w i l l  be c a l l e d  a
t o t a l  s e t  o f  m a t r i x  u n i t s  i n  R i f  and o n l y  i f
^  e i j e km = 6j k e im ^  ( 6 j k  = K r o n e c k e r  d e l t a ]
n
and (2)  £ e ^ = l .
i = l
C o r r e s p o n d i n g  t o  e a c h  s e t  A o f  t o t a l  m a t r i x  u n i t s  f o r  R , 
t h e r e  i s  a  s u b r i n g  F o f  R c a l l e d  t h e  c e n t r a l i z e r  o f  A i n  R : 
F = Cent  A = {r e R | a r  = r a  V a e A}
I f  R h a s  a t o t a l  s e t  A = [ e ^  | i , j  = l , . . . , n }  o f  m a t r i x  
u n i t s  w i t h  F = Cent A , t h e n  R i s  c a l l e d  a t o t a l  m a t r i x  r i n g
5o f  r a n k  n . When t h i s  i s  t h e  c a s e ,  R i s  d e n o te d  by Fn o r  FA 
d e p e n d in g  upon w h i c h e v e r  a s p e c t  o f  R we a r e  f o c u s i n g  a t t e n ­
t i o n  a t  t h e  t i m e .
Now i n  o r d e r  t o  d e f i n e  a T - r i n g ,  we i n t r o d u c e  t h e  
f o l l o w i n g  n o t a t i o n  w h ich  w i l l  r e m a in  f i x e d  t h r o u g h o u t .
1 . 2 . 2  N o t a t i o n . L e t  n Q = 0 and (n-j_ ^  . >nr ) be an 
o r d e r e d  s e t  o f  p o s i t i v e  i n t e g e r s  w i t h  n^ + n^ + . . .  + n r  = n 
For t h e  n a t u r a l  n u m b e r s , i n t e g e r s  and r a t i o n a l s  we w i l l  u se  
f |\J  > ^  a n d r e s p e c t i v e l y .  For  i  = 1 , 2 , .  . • , r  l e t
p i  = f j  e /N I n o + + n i - l  < j < n 1 + . . .  + n i > ,
Qi = O pk ,
1 k = l  K
p = P = ( 1 , 2 , .  . . , r }  ,
i  = l  1
and T -  K J  P . x P .
i> j  1 J
1 . 2 . 3  D e f i n i t i o n . Any s u b r i n g  o f
R = { Ca± J3 e Fn I a i j  = 0 V  ( i , j )  e P x P - T> 
w i l l  be c a l l e d  a ( lo w e r )  t r i a n g u l a r  b l o c k  m a t r i x  r i n g , o r  a 
T - r i n g  f o r  c o n v e n i e n c e .  R i t s e l f  w i l l  be c a l l e d  a f u l l  T - r i n g  
and w i l l  be d e n o t e d  by F when we w ish  t o  s p e c i f y
th e  b l o c k  numbers  n - p . . . , n  . The i n t e g e r s  n and  r  w i l l  be
c a l l e d  t h e  r a n k  and  d e g r e e  o f  F r e s p e c t i v e l y .
  — 6----- n l ........... n r
1 . 2 . 4  E x am p le . 1 i s  a  f u l l  T - r i n g  o f  r a n k  3 , 
d e g re e  2 and c o n s i s t s  o f  t h e  s e t  o f  a l l  m a t r i c e s
1 . 2 . 5  R em arks . Note  t h a t  t h e  c a s e  r  = 1 b r i n g s  us 
b a c k  t o  a t o t a l  m a t r i x  r i n g  Fn . We a l s o  o b s e r v e  t h a t  any 
f u l l  T - r i n g  R - F„ h as  a u n i t  e l e m e n t  s i n c e  F_ does
1 > • • • >n r  n
and t h a t  t h e  t h r e e  r i n g s  R , F and Fn a l l  s h a r e  t h e  same 
u n i t  e l e m e n t .
T ha t  a T - r i n g  i s  i n  f a c t  a r i n g  w i l l  be s e e n  b e lo w .  
F i r s t ,  l e t  us g i v e  a s e c o n d  way o f  d e s c r i b i n g  a T - r i n g .
1 . 2 . 6  D e f i n i t i o n . L e t  A = {e^j  | i , j  = l , . . . , n }  be 
t o t a l  s e t  o f  m a t r i x  u n i t s  o f  Fn w i t h  F = Cent  A and
3 = { e — e A | ( i , j )  e  T} .
B w i l l  t h e n  be  c a l l e d  a s e t  o f  m a t r i x  u n i t s  f o r  F
n l >  • •
1 . 2 . 7  Lemma. L e t  0 be t h e  z e r o  o f  F . Then 
Bq = {0} U  B i s  a s e m ig r o u p .
P r o o f : L e t  b , c e B .
Case 1: b = 0 o r  c = 0 o r  b = e — , c = e km f o r  some k ^ j
Then b e  = 0 e BQ .
Case 2:  b = e ^  , c = e j k . Then ( i , j )  e Pr  x Pg ,
( j  ,k )  e Ps x Pt  => ( i , k )  e Pr  x Pt  C  T => be = e i k  e B . / /
1/ /  w i l l  be u s e d  t o  s i g n i f y  t h e  e nd  o f  a p r o o f .  The 
c o n c l u s i o n  o f  a p r o o f  o f  a c l a i m  o r  lemma w i t h i n  a  l a r g e r  
p r o o f  w i l l  be d e n o t e d  by /  .
7S in c e  B0 i s  a s e m ig r o u p ,  we can form t h e  se m ig ro u p
r i n g F(Bq3 = { Z f bb | f b e F} . S in c e  f  = E f e ^  £  e F ,
beBo
F d  F(B0) . Comparing t h e  d e f i n i t i o n s  o f  B and o f  R in
1 . 2 . 3  , we can s e e  t h a t  R = F(B0) .
1 . 2 . 8  Theorem. L e t  R = F„ and B be  d e f i n e dnl , . . . , n r
as a b o v e .  Then
(a)  R i s  a r i n g ,
(b)  R = F(B) , t h e  se m ig ro u p  r i n g  o f  B o v e r  F , 
and (c )  R i s  a f r e e  l e f t  F-module  w i t h  b a s i s  B .
P r o o f ; ( a )  We showed above t h a t  R = F(Bq) which  i s
a r i n g
(b) R = F(Bq) = { £ f bb | f b e F}
beB0
= { £ f, b | f, e F} = F(B) .
bEB
(c) D e f in e  f  ( £ f b b) as  S f f bb . C l e a r l y  R i s  c l o s e d  u n d e r
t h i s  o p e r a t i o n  a n d  so  i s  a subm odule  o f  t h e  module  p(Fn ) •
We a l r e a d y  know B i s  a s y s t e m  o f  g e n e r a t o r s  f o r  pR . Let
0 = £ r , b  . S i n c e  0 c t;(F_) w h ic h  i s  f r e e  w i t h  b a s i s  A ZD B , 
beB * n
r b = 0 V  b e B . Thus B i s  a b a s i s  f o r  pR . / /
1 . 2 . 9  Lemma. L e t  R = F(B) as  ab o v e .  Then F = Cent B .
P r o o f :  S i n c e  B C  A = {e
F -  Cent  A C  Cent  B . Suppose  t  = £ t . . e - .  e Cent B .
( i , j ) e T  1J
Then V e  e B , ( £ t i i e i i ) e r s  a e r s ( J , t i i e i i ) ’r s  ( i , j ) e T  1J r  r s  ( i , j ) e T
8or = Zt .e  . . S i n c e  B i s  a b a s i s  f o r  R , t .  = 0i  i r  i s  . s j  rj ’ l r
V i  t  r and t rr  = t s s  V  e fS e B . S i n c e  e u  , e 21 , . . . ,  e n l
n
e B , t„, .  = t n  f or  r = l , . . . , n  . Thus t  -  Z t 11e . .* rr  11 ’ 11 11
= t n  e F . / /
1 . 2 . 1 0  Remark . The lemma e l i m i n a t e s  any d i f f i c u l t y  
w h ich  m ig h t  a r i s e  i n  r e g a r d i n g  R as  a r i g h t  F-module  s i n c e  
(E f bb ) f  = Z(£b f ) b  = S b ( f b f )  .
1 . 2 . 1 1  N o t a t i o n . Let  us d e s i g n a t e  a f u l l  T - r i n g  R by  
FB w henever  we w is h  to  s p e c i f y  t h a t  B i s  a s e t  o f  m a t r i x  
u n i t s  f o r  R and F = Cent B .
1 . 2 . 1 2  Lemma, (a)  L e t  R = FB and R  1 > S be a
r i n g  i so m o rp h is m .  Then S = F'B* .
(b)  Let  R = FB . Then R = (uFu" -*-) ( uBu” f o r  any u n i t  u o f  R .
P r o o f :  (a)  i s  o b v io u s  and (b)  f o l l o w s  from (a)  s i n c e
t h e  t r a n s f o r m  by u i s  an a u to m o rp h ism .  / /
1 . 2 . 1 3  N o t a t i o n . Whenever B = { e ^  | ( i , j )  e T> i s  a
s e t  o f  m a t r i x  u n i t s  f o r  F_ „ , l e t  e- = Z e . ^
n l  r  1 j e P i  n
( i  — 1 , .  , . , r )  •
91 . 2 . 1 4  Theorem. L e t  R = F_ . Then
n l > •■ • (Up
(a.) e a c h  e^Re- i s  a s u b r i n g  o f  R w i t h  e^R e .  f  0 i f f  i  >, j
(b) e .R e*  = T. Fekm
(k ,m )eP ^xP .
r
(c)  e n , e_ , . . .  , e r  a r e  o r t h o g o n a l  i d e m p o t e n t s  w i t h  E e-  = 1
1 * i = l  1
(d) e a c h  e-Re* i s  i s o m o r p h i c  t o  F and h a s  e- as u n i t  e l e m e n t
i
(e)  i s  a l e f t  u n i t  e l e m e n t  f o r  t h e  r i n g  ( r i g h t  i d e a l )  
r
E e  ■ Re - = e • R 
j = l  J
( f )  e a c h  i s  a l e f t  e^Re^-m odule
(g) e a c h  e . R e .  i s  a f r e e  l e f t  F -m odule  w i t h  b a s i s  B / O e . R e .i  j  l  j
= {ekm | (k ,m) £ P. x  P j )
(h) R i s  a d i r e c t  sum o f  t h e  submodule 's  e^Re- : R = ©  £ e . R e .
2 i > j  2
( i )  x c R => x = Z e -xe*
i> j  1 J
( j )  f o r  i  > j > k , ( e i R e j )  ( e j R e k ) = e i Rek b u t  V  i , j , k , m ,
( e i Re;j) ( e mRek ) = 0 i f  j  t  m .
Remark:  ( j )  does n o t  mean t h a t  e v e r y  e l e m e n t  o f  e ^R®k 
i s  o f  t h e  form ( e ^ x e j ) ( e j y e k ) . C o n s i s t e n t  w i t h  t h e  u s u a l  
meaning f o r  t h e  p r o d u c t  o f  two r i n g s ,  i t  means t h a t  e v e r y  
e le m e n t  o f  e^Rek i s  a f i n i t e  sum o f  e l e m e n t s  o f  t h e  form 
( e i x e j ) ( e j y e k^ * f ° l i ° w^n S exam ple  shows t h a t  n o t  e v e r y
e le m e n t  o f  e i Rek i s  o f  t h e  form ( e i x e ^ ) ( e ^ y e k ) .
L e t  D be  a domain and R = D7 .. . C o n s i d e r  t h e
& 11 j 2
e le m e n t  ^ r e ^  e  e 3 Rex w^ e r e  r  = e 4 x + e 5 2  ' SuPPo se  e 3 r e x = 
( e 3x e 2) ( e 2y e 1) f o r  some x , y e R . Then e 3r e 1 -
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C + e H  E x .  . e .  . e , _ )  fe_~ Z y . . e . ( e ,  „ + e „ „ )44 55 i j i j  33  ^ 33- i j  i _ y  K n  2 2 J
x  > J  A 9  J
tX43e 43 + Cy3 l e 31 * y 32e 32J =
x 43y 31e 41 + x 43y 32e 42 * x 53y 31e 51 *  x 53y 32e S2 '
But e 3r e i  = e 3 ( e 41 + e ^ J e j  = e 41 * e 52 so
x 43y 31 = 1 > x 43y 32 " 0 ’ x 53y 31 = 0 and x 53y 32 = 1 '
S i n c e  D i s  a dom ain ,  x^-j = 0 o r  y ^  = 0 . However, n e i t h e r
1 a n d  v  v
32o f  t h e s e  i s  p o s s i b l e  s i n c e  = 1 and x 5 3 >r'7 '' = 1 •
P r o o f  o f  t h e  t h e o r e m : (a )  t h r o u g h  (h) a r e  o b v i o u s .  
( i )  x = 1 x 1 =  Ee^xEe- = EEe .xe-  
i  j  J i j  J
= Z e : x e .  + Z e . x e -
i>j 1 3  i<j 1 3
= Z e . x e .  + 0
i>j J
( j )  S i n c e  R e - e .R  C  R , ( e ^ e . )  ( e - R e k ) C  e i Re]c * Let
J  j  J  •)
x = Z x e  e e t R e k . Then x = e . x e ,  = e - e ^ e - e .  >
Cp >q)£P i x PR pq pq t i i i
e ( Z x e ) e k . L e t  s e P .  .
1 Cp ,q)ePjxP^ Pq pq 3
Then x = e 4 C I  xpqe p s e s q ^ k
CP»q)ePiXPk
= Eei f xpqe p s 5 e j e j Ces q ) e k E .
The l a s t  s t a t e m e n t  h o l d s  s i n c e  e j e m = 0 w h e n ev e r  j  ^ m . / /
Remark ; C l e a r l y ,  we can s t a t e  and  p r o v e  a n a l o g u e s  
f o r  (e)  t h r o u g h  (g)  i n t e r c h a n g i n g  t h e  words " l e f t "  and 
" r i g h t ” .
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1 .3  T - r i n g s  as  R ings  o f  Endomorphisms
L et  R = F d  F and M = Fe„„ CD . . .  © Fe.n-^, .  . . , n r v~  n 11 In
where A = { e — | i , j  = l , . . . , n }  i s  t h e  g i v e n  s e t  o f  m a t r i x
J
u n i t s  f o r  F . T ha t  i s , F = FA . We know t h a t  f o r  a e F , n ’ n n
we have  an endomorphism a e EndpM which  m u l t i p l i e s  on t h e
r i g h t  by a ; a l s o  a t > a i s  an i so m o rp h is m  be tw een  Fn and
EndpM . H e n c e f o r t h ,  l e t  us s u p p r e s s  t h e  b a r  and  r e g a r d  e a c h
a e F^ as  an endomorphism o f  pM . For  i  = 1  r  l e t
M- = ©  E Fe1 . . T h is  g i v e s  us a c h a i n  o f  subm odules  o f  M 
je Q i  1J
which h a s  a most  i m p o r t a n t  r e l a t i o n s h i p  t o  R . The f o l l o w i n g
th eo re m  shows t h a t  R i s  p r e c i s e l y  t h a t  s u b r i n g  o f  Fn w h ich
h o l d s  i n v a r i a n t  t h e  c h a i n  0 = M < M „ < M „ < . . . < M V, = M .o 1 2 r
1 . 3 . 1  Theorem. L e t  R = F„ and M. be d e f i n e d------------------------  n l f . . . , n r  i
as a b o v e .  Then R -  {a e Fn | M^a d  M^  f o r  i  = l , . . . , r }  .
P r o o f : Let a e R . Suppose e-jj e M^  . Is  e^ja  e ?
a = Ea t e . t  e R => a t = 0 V  ( s  , t )  e P x P - T = U  pv x Pi t  ^  k<m
i
and e .  . e M. => j e Q. = P. . e a = e.. . E a e = 
l j  i  1 k = l  k ^  1;}s , t  s t  s t
= o V t e d f p = P - Q . . ThusEaj t e i t  • j £ Qt  => a.
e ,  .a  = Ea. e ^  e M. . S i n c e  M. i s  a l e f t  F -m o d u le ,  F e . - a C M j  l j  t  J t  I t  i  i  J
and M - a d  M. . i  i
Suppose  a  e F and M■a C  V i  . Then V j e Q. ,IX X X 1
e ^ a  = 2 a ^ t e l t  e Mi , so  V ( j , t )  e x (P - , a ^  = 0 .
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r
T h is  i s  t r u e  f o r  a l l  i  so  ( j , t )  e ( Q. x P - Q. )  = >
i = l  1 x
a ^ t  = 0 . But  a r o u t i n e  s e t - t h e o r e t i c  a rg u m e n t  shows t h a t  
r
\*_J (Q. x (P - Q O )  = P x P - T . Thus ( j  »t)  e P x P - T => 
i = l  1 1
a .  = 0 and  hence  a e R . / /
J ^
1 . 3 . 2  Remark: Let  R = F , M. be as above----------------------  n 1 > . . . , n r  l
and N = E e . Re .  . Then by an a rg u m e n t  s i m i l a r  t o  t h a t  i n
i>  j 1 1
1 . 3 . 1  , N = {a e Fn | N L a d M ^ f o r  i  = l , . . . , r )  .
1 . 3 . 5  T heo rem : Let  a module  be a d i r e c t  sum o f
$i
i s o m o r p h i c  su b m o d u le s :  ©  . . . ©  Nn , ,
$■< = i d  . For i  = 1 , . .  . , r  l e t  M. = ©  T, N • . Then
1 j e Q i  3
= {a e End | C  Mi  V i }  i s  a T - r i n g .  In  p a r t i c u l a r ,R
R = F„ where  F = End V-N1 .
n l » .  • • »n r  K 1
P r o o f : D e f in e  e ^ j  e End by e ^  | »
e i j  I Nm = 0 i f  m ^ i  . By t h e o r e m  2 .1  i n  [20] ,
A = (e — | i , j  = l , . . . , n }  i s  a  s e t  o f  m a t r i x  u n i t s  f o r  End 
and h e n c e  End KM i s  a  t o t a l  m a t r i x  r i n g  o v e r  F = Cent  A =
End KN1 . That  i s  End KM = Fn . Each e i i  a c t s  as  t h e  i d e n t i t y  
on and  so  N^F = N ^ e ^ F  = N ^ F e ^  CZN^ .
C la im :  R = F„ _ C l e a r l y  R i s  a s u b r i n g  o f
End and  e ac h  e ^  e R . Let  a = E a p ^ e ^  e R . Then 
e . . E a  e e . .  = a . . e . .  e R f o r  i . j  = l , . . . , n  . Suppose
11 p <i  pq JJ i J
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( i , j )  e P x P - T = L J  Pv. x P . Then ( i , j )  e P, * P f o r
k<m K m k m
some k<m . N ^ a - ^ e - .  = Nue ^ a ^  . = 0 V h i  i  and  N - a - - e ^  =i j  i ]  h i j  i j  i  i j  i j
i  i j  l j  j  i jN . e . . a . . = N. a .  . C  N. n  M, = 0 , Thus Ma. . e . . = 0 so  ...................................  J K i ]  i ]
a . . e . .  = 0 . Hence a - -  = o V  ( i , j )  e P x P  - T and we have  i j  l j  1 J
a e Fn
2 > * • ■
Suppose  Bj j  e Fn i i < i i ( l l r  . Then ( i , j )  c Pk x Pm f o r
some k > m . Thus N ie ;  ■ ■ N- d  M. . S in c e  N . e .  . = 0 e M V  £i  i j  J k h i j  g
M^e^j C  Mg V g . Hence - e R . S in c e  N^F d  T'L V  i  , F CL R
and we have F = Z F e . . d  R . / /
n l > • • • >n r  ( i ( j ) e T  ^
The f o l l o w i n g  i s  a s p e c i a l  c a s e  o f  1 . 3 . 3  .
1 . 3 . 4  C o r o l l a r y : Let  be a f r e e  module  w i t h  b a s i s
{b., , .  . . ,b_ } w here  n .  + . . .  + n =n,M. = I  Kb. f o r
1 1 1 j cQ .  3
i  = 1 , .  . . , r  a n d  R = { a s  End j,M j M. a  C  V i } .
Then R = Fn w here  F = K .
n 2 , .  . . , n r
P r o o f : For j = l , . . . , n  l e t  Nj = Kbj . Then = 
N j ©  . . .  © N „  and  ^  = kNj V j  . B y  1 . 3 . 3  , R = F ^ ........... ^
w here  F = End KCKbj^  ^ = K . / /
1 . 3 . 5  Lemma. L e t  R = F„ and N = Z e . R e .  .
--------------------  1 » * • • »n r  i > j  1 J
Then N i s  n i l p o t e n t  . In  p a r t i c u l a r ,  Nr  = 0 , Nr - ^ f  0 .
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P r o o f :  As b e f o r e ,  l e t  M = Fe,. ,  ©  . . .  ©  Fe„ and------------------------------------- i i  i n
M. = E F e 1 . . By 1 . 3 . 2  ,
1 j e Q ±
N = {a e F I M . a C M .  f o r  i  = l , . . . , r }  . n 1 i  l - l
Let  x = x i x 2 * - - x r  e ^
Mx = (Mr x 1) x 2 • • *xr  
C ( M r _1x 2 ) x J . . . x r  
C. C^r - 2X3^X4 * ‘ *x r
C - - - C M r . ( r - D x r = Ml x r = 0 *
Hence x = 0 so  Nr  = 0 .
L e t  x .  = e , , , .  11 (n^ + 1 )1
x 2 “ e ( n 1 + n 2 + 1) ( n x + 1)
*
x r -2  = e Cn x + . . .  + nr _2 + l ) ( n i  + • • •  + nr _ 3 + 1)
Xr - 1  “ 0 (n i  + •*• + n r - i  + F)Cn i  + . . .  + n r _2 + 1)
.  .  . X - i X i  =Then 0 ^ x r - l x r - 2  **' X2X1
e f e Nr~^ . //
Cn j  + . . .  + n r _i  + 1)1
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CHAPTER I I
ONE- AND TWO-SIDED IDEALS OF FULL T-RINGS
We have  b e e n  u s i n g  t h e  n o t a t i o n  R = FB t o  i n d i c a t e  
t h a t  R i s  a f u l l  T - r i n g  p o s s e s s i n g  B as  a s e t  o f  m a t r i x  
u n i t s  w i t h  F = Cent  B . T h ro u g h o u t  C h a p te r  Two, w henever  
K and A a r e  s u b s e t s  o f  a r i n g  R , KA w i l l  mean t h e  s e t  o f  a l l  
f i n i t e  sums o f  e l e m e n t s  o f  t h e  form o f  ka  where  k e K and
a e A . When FB i s  i n t e n d e d  t o  mean a  f u l l  T - r i n g  we w i l l  so
i n d i c a t e .
2 .1  I n t e r n a l  S t r u c t u r e  o f  Two-Sided  I d e a l s
In  t h i s  s e c t i o n ,  w h e n ev e r  R * FB i s  a f u l l  T - r i n g
w i t h  o r t h o g o n a l  i d e m p o t e n t s  e^ , we w i l l  d e n o te  B O  e^Rej
by .
2 . 1 . 1  Lemma. Let  R = FB be a f u l l  T - r i n g  and K be an
i d e a l  o f  F . Then S = KB i s  an i d e a l  o f  R .
P r o o f : S i s  an a d d i t i v e  s u b g ro u p  o f  R s i n c e  K i s  an
a d d i t i v e  s u b g ro u p  o f  F . L e t  s e S and  r  e R . Then
s r  = E s hb E r  c = E ( s , r  ) (be)  e KB = S . S i m i l a r l y ,
beB ceB c b , c e B  D c
r s  e S . / /
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In  a t o t a l  m a t r i x  r i n g  o v e r  a r i n g  w i t h  u n i t y ,  e v e r y  
i d e a l  i s  o f  t h i s  fo rm .  T - r i n g s  h o w e v e r ,  have a  much more 
e x t e n s i v e  i d e a l  s t r u c t u r e  as  we s h a l l  soon s e e .  In p a r t i c ­
u l a r ,  t h e  f o l l o w i n g  lemma shows t h a t  e v e r y  " l o w e r  l e f t  r e c ­
t a n g l e "  i s  an i d e a l .
2 . 1 . 2  Lemma. Let  R = F „  „ , 1 £  q £  P £  r  ,
. , n j .  ^
and S = Z e . R e -  . Then S i s  an i d e a l  o f  R and (S ) 2 = 0
i>p 1 J Ph P^
w henever  p f  q .
P r o o f : L e t  S = Sp q . I t  i s  c l e a r  t h a t  S i s  an a d d i ­
t i v e  su b g ro u p  o f  R . By an a rgum ent  s i m i l a r  t o  t h a t  i n  1 . 3 . 1  ,
S ] 
j e Q i
S = {s e Fn I M ,5  = 0 a n d  M- Cl Mn } where M- = 6E> X Fen p - i   ^ q x i n> i j
as b e f o r e .  Let  s e S and r  e R . Then M s r  = Or = 0 andp-1
M s r C M q r C H M ^  so  s r  e S . A l s o ,  Mp _^ r s  d  Mp _^  = 0 and
M r s C  Ms C M  s o  r s  e S . H en ce ,  S i s  an i d e a l  o f  R . q
Suppose  x , y e S . Then x =  X e . x e .  = X e . x e .
i > j  1 J i>p 1 J
and l i k e w i s e  y = X e vye m • S in c e  p > q , e a c h  e . x e . e . y e  = 0
k>p K m i  j k m
m<q
Cj £  <1 < P £  k) • Thus xy = 0 . / /
S in c e  sums o f  i d e a l s  a r e  i d e a l s ,  e v e r y  " lo w e r  l e f t
s t a i r c a s e "  S + S + . . .  + S , w h e re  each  S
P l ^ l  P2cl2 Pk^k P i ^ i
i s  o f  t h e  form i n  lemma 2 . 1 . 2  , i s  an  i d e a l .  I n  p a r t i c u l a r ,
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N = S71 + S_ ,  + S . ,  + . . .  + S = Z e .R e .  i s  a ve ry52 43 r  r - 1  1 j  f
i m p o r t a n t  i d e a l  a s  we s h a l l  s e e  l a t e r .  We a l r e a d y  saw in
1 . 3 . 5  t h a t  N i s  n i l p o t e n t .
Suppose  we have  a c o l l e c t i o n  o f  i d e a l s  o f  F :
{ K ^  | i , j  = l , . . . , r  ; i >j } s u b j e c t  o n l y  t o  t h e  f o l l o w i n g  
c o n t a i n m e n t  p r o p e r t y :
2 . 1 . 5  KuV Kjj  wh eneve r  u > i  and v < j  .
I f  we form t h e  d i r e c t  sum o f  t h e  a d d i t i v e  g ro u p s  K — ,
X = © .
l > j  J J
t h e n  X i s  an i d e a l  o f  R . T h i s  f o l l o w s  from t h e  o b s e r v a t i o n  
t h a t  X i s  a sum o f  i n t e r s e c t i o n s  o f  i d e a l s :
X = I  (S n K B )  .
p>q
Le t  us v e r i f y  t h a t  X does e q u a l  Z (S H  K B )  . Each
p>q
C  SijKijB so X .  . £ .Ki j B i . c  CS±j n  Ki j B ) .
A l s o ,  r \  K B  = z  K B . . C  E K . . B . .  = X by  ( 2 . 1 . 3 )
* pq'  ' pq pq i j  i i p  i j  i j  '
j <q  j<q
and so Z (S f )  K B l f K  s i n c e  X i s  c l e a r l y  c l o s e d  u n d e r  
P>q pq
su m s .
The f o l l o w i n g  t h eo rem shows t h a t  we h a v e  found  a l l  
o f  t h e  i d e a l s  o f  R .
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2 . 1 . 4  I d e a l  D e c o m p o s i t i o n  Theo rem. Le t  R = FB be  a 
f u l l  T - r i n g  o f  d e g r e e  r  . Then X i s  an i d e a l  o f  R i f  and 
o n l y  i f  t h e r e  e x i s t s  a  s e t  {K^j | i , j  = l , . . . , r  and i  >, j  }
o f  i d e a l s  o f  F s a t i s f y i n g  2 . 1 . 3  such  t h a t  X i s  a d i r e c t  sum
o f  t h e  a d d i t i v e  g r oup s  K — :
r
X = ®  2 K- -B. . .
i . j - i  13 13
i i j
P r o o f : The " i f "  has  b e e n  shown above .  Now t h e
c o n v e r s e :  For  i , i  = l , . . . , r  and  i  > j  l e t  K . . =
{k e F j CZ X} . C l e a r l y ,  i s  an a d d i t i v e  su bg rou p  o f
F . Let  k e K ± . and h e F . ( k h ) B i - = ( k B ^ J h  C  Xh Cl X so
1 J ^ J
kh e K. . . A l s o ,  (hk)B-  . C  hX C X  so  hk e K• - . Thus K. . i si j  v 13  ^  i j  i j
an  i d e a l  o f  F .
Cl a im:  X = ©  2 K, -B. . . S i n c e  k e K - . i m p l i e s
----------------- i > j  ^  ^
kB- . C  X , X Z> 2 K- .B. . . L e t  x = 2 xnne nn e X and
i> j  1J 1J C P , q ) e T P ^ P ^
f p , q )  e P4 x P- . W e  need  t o  show t h a t  x  e K- . . Let1 J pq  i j
( s . t o  e p i  x Pj  • Then e sp , e q t  e R s o  xpqe s t  -  e s p x e q t  e X
and  hence  x „ e K. . . T h e r e f o r e  , x e 2 K - ^ B . . and 
Pq ! J  i > j  11
X = 2 K . . B . . . The sum i s  d i r e c t  s i n c e  B i s  a b a s i s  f o r  R . /
i> j  1J 1J
A l l  t h a t  r e m a i n s  t o  be  p r o v e d  i s  p r o p e r t y  2 . 1 . 3  ; 
b u t  t h i s  f o l l o w s  f rom p a r t  (b)  o f
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2 . 1 . 5  Lemma. (The S l i d i n g  B lock  P r i n c i p l e )  Let  X be
an i d e a l  o f  a f u l l  T - r i n g  R = FB and k e F .
(a)  I f  kepq  e X , t h e n  k e s t  e X wh eneve r  s > p and t  < q .
l .  . 
i j
(b) I f  kB^ C. X , t h e n  kBuy Cl  X wheneve r  u > i  and  v < j  .
P r o o f : (a)  Let  k e pq e X an^ s ^  p , t  < q . Then
e„ , e J_ e R s o k e J. = e (ke ) e  e X . sp * q t  s t  s p v p q '  q t
(b) Let  k E . . C  X and u > i  , v < j  . Suppose  
^3
( s , t )  e Pu x Py . For  a l l  ( p , q )  e x  Pj  , k ep^  e X and 
s > p , t  < q . Thus k e s t  e X by (a) . Th i s  c o n c l u d e s  t h e  
p r o o f  o f  t h e  lemma and o f  Theorem 2 . 1 . 4  . / /
Le t  us summar i ze  what  ha s  been  p r o v e d  so  f a r  i n  t h i s  
s e c t i o n .  F i r s t ,  we have  found  two b a s i c  t y p e s  o f  i d e a l s  o f  a 
f u l l  T - r i n g  R = FB :
1.  The F - d e r i v e d  i d e a l s :  t h o s e  o f  t h e  form KB f o r  
some i d e a l  K o f  F .
2.  The f u l l  " l o w e r  l e f t  r e c t a n g l e s " :  i d e a l s  o f  t h e
form S = E e -R e .  .
i>p  J
j<q
By t a k i n g  sums and i n t e r s e c t i o n s  o f  t h e  two b a s i c  t y p e s ,  we 
g e t  a m u l t i t u d e  o f  new i d e a l s .  Theorem 2 . 1 . 4  and  t h e  r emarks  
p r e c e d i n g  i t  show t h a t  any g i v e n  i d e a l  i s  b u i l t  up i n  t h i s  
manner  and  i s  a  d i r e c t  sum o f  "homogeneous  componen ts "
-Bj j  • Tak in g  sums o f  i d e a l s  i s  o u r  way o f  s t a c k i n g  b l o c k s ;  
lemma 2 . 1 . 5  shows t h a t  we c a n n o t  s i m p l y  t a k e  b l o c k s  and  s t a c k  
them a t  random.
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The c o n t a i n m e n t  p r o p e r t y  2 . 1 . 3  shows (among o t h e r  
t h i n g s )  t h a t  e r Re1 , b e s i d e s  b e i n g  t h e  l ower  l e f t  b l o c k  o f  R , 
i s  s p e c i a l  i n  a t  l e a s t  two ways .  F i r s t ,  i t  i s  t h e  u n i q ue  
min ima l  i d e a l  o f  t y p e  2 above .  S e c o n d l y ,  i f  a  member o f  F 
o c c u r s  a s  an e n t r y  o f  any member o f  an i d e a l  X , i t  o c c u r s
i n  . Thus i n  any  i d e a l ,  e r Re^ i s  t h e  mos t  d e n s e l y
p o p u l a t e d  b l o c k  o f  R .
As a s p e c i a l  c a s e  o f  2 . 1 . 4  , we o b t a i n  t h e  w e l l -
known c h a r a c t e r i z a t i o n  o f  t h e  i d e a l s  i n  a t o t a l  m a t r i x  r i n g
o v e r  a r i n g  w i t h  u n i t y .
2 . 1 . 6  C o r o l l a r y . Le t  R = FB be a t o t a l  m a t r i x  r i n g
o v e r  a r i n g  F w i t h  u n i t y .  Then X i s  an i d e a l  o f  R i f  and
o n l y  i f  X = KB f o r  some i d e a l  K o f  F .
P r o o f : T h i s  i s  t h e  c a s e  r  = 1 . T h e r e f o r e ,  t h e  s e t
{K — | i , j = l , . . . , r >  r e d u c e s  t o  {K1;L} . / /
2 .2  R a d i c a l s
F i r s t ,  t h e  n o t a t i o n :  Fo r  any r i n g  R , l e t  r a d  R and
Rad R d e n o t e  t h e  p r i m e  and J a c o b s o n  r a d i c a l s ,  r e s p e c t i v e l y .
A l s o ,  l e t  us s h o r t e n  B . .  = B f l e . R e .  t o  B. . F i n a l l y ,  r e c a l l  ’ 11 1 i  x
t h a t  we u s e  N f o r  £ e . R e .  .
i 1 J
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2 . 2 . 1  Theorem. For  any f u l l  T - r i n g  R = FB ,
( a )  r a d  R = N © Z ( r a d  F)B. ,
i  1
and (b)  Rad R = N 0  E(Rad F )B . .
i  1
To p ro v e  t h i s  t h e o r e m ,  l e t  us d i s c o v e r  wha t  t h e
p r i me  i d e a l s  and  t h e  maximal  r i g h t  i d e a l s  l ook  l i k e :
2 . 2 . 2  Theorem. Le t  R = FB be a f u l l  T - r i n g  o f  d e g r e e  
r  . Then X i s  a
(a)  p r ime  i d e a l  o f  R i f f  t h e r e  e x i s t  
Cl) j e { 1 , 2 , . . .  , r }
and (2)  a p r ime  i d e a l  K o f  F
such  t h a t  X = N ©  KB- ©  E FB- ;
J if<j 1
(b) maximal  r i g h t  i d e a l  o f  R i f f  t h e r e  e x i s t  
(1) j e { 1 , 2 , . . . , r }
and (2)  a maximal  r i g h t  i d e a l  M o f  e j R e j  
su ch  t h a t  X = N © M ©  2 e - Re . .
m  1 1
P r o o f :  ( a )  Suppose  t h e r e  e x i s t  j e { l , . . . , r }  and a
p r i me  i d e a l  K o f  F su ch  t h a t  X = N ©  KB. ©  2 FB- . By 2 . 1 . 4  ,
3 i ^ j  1
X i s  an i d e a l  o f  R . Now l e t  Y , Z be i d e a l s  o f  R s a t i s f y i n g
YZ C X  . By 2 . 1 . 4  , t h e r e  e x i s t  i d e a l s  , Kj^ o f  F such
t h a t  Y = 2 H . . B . . and  Z = 2 K . - B . . . S i n c e  YZ C  X , we g e t  
i l  i j  i l  i l
i K . . C  K and t h u s  H . .  C K  o r  K . .  C K  . Hence Y Cl X o r
J !  11 11
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Z C X  and we c o n c l u d e  t h a t  X i s  p r i m e .
Now assume X i s  a p r ime  i d e a l  o f  R . S i n c e  Nr  = 0 
Cl X , we o b t a i n  (by i n d u c t i o n  on r )  N C  X . Thus f o r  some 
i d e a l s  o f  F , X = N ©  ZK^B^ . N e x t ,  we show t h a t  a t  most  
one o f  t h e  1 s i s  n o t  e q u a l  t o  F . Suppose  IC ^ F and
Kk f  F ( j  1 k) . Le t  Y = N <±> FB^ and Z = N <±> FB^ . Then
YZ C  N C X  b u t  Y (£ X and Z X i n  c o n t r a d i c t i o n  t o  t h e  p r i m e ­
n e s s  o f  X . We now h a v e ,  f o r  some j and some i d e a l  K = K. o f
J
F , X = N ©  KB- ©  Z FB- . A l l  t h a t  r em a in s  t o  be shown i s  
3 i  l>j 1
t h a t  K i s  p r i m e .  I f  n o t ,  t h e r e  e x i s t  i d e a l s  H and L o f  F
s u c h  t h a t  HL C  K b u t  H <£ K , L (£ K ; t h e n  f o r  Y = N ©  HBj
and  Z = N © LBj , we have  YZ C N  + KB^ d  X b u t  Y <£. X ,
Z < t  X .
(b) F i r s t ,  we o b s e r v e  t h a t  wh eneve r  S i s  any r i g h t
i d e a l  o f  e - R e .  , t h e n  Y = N ©  S ©  Z e . R e .  i s  a r i g h t  i d e a l
J 3 i f t j  1
o f  R . (YR C  NR ©  SR © Z e -Re-R
C  N ©  (S ©  N) ©  (N ©  Z e - R e . )
1 1
C N © S ©  Z e . R e .  = Y . )
1 1
C l e a r l y ,  i f  M i s  a maximal  r i g h t  i d e a l  o f  e j ^ e j »
t h e n  X = N ©  M ©  Z e .R e .  i s  a maximal  r i g h t  i d e a l  o f  R .
if<j 1 1
C o n v e r s e l y ,  suppo se  X i s  a  maximal  r i g h t  i d e a l  o f  R .
S i n c e  N i s  n i l p o t e n t ,  N C R a i  R C  X . For  i  = l , . . . , r  l e t
= X H e ^ R e ^  . Then e a c h  i s  a r i g h t  i d e a l  o f  e^Re^ . I f
M. < e -R e .  and < e .Re ,  f o r  k ^ j , t h e n  X < X + e k Rek < R 
J J J
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i n  c o n t r a d i c t i o n  t o  t h e  m a x i m a l i t y  o f  X . (X + e^Re^ i s  a
r i g h t  i d e a l  o f  R s i n c e  i t  i s  a sum o f  two r i g h t  i d e a l s :  X
and N + e^Re^ . )  Thus ,  t h e r e  e x i s t s  a u n i q u e  j such  t h a t
M = M. < e . R e .  . X i s  now o f  t h e  d e s i r e d  form:  X =
3 3 3
N © M © I  e . R e .  ; and i t  i s  e v i d e n t  t h a t  s i n c e  X i s  maximal ,  
i f j  1 1
so i s  M . / /
P r o o f  o f  Theorem 2 . 2 . 1 : (a)  Le t  1 P ^  and t ^ e
c o l l e c t i o n s  o f  p r ime  i d e a l s  o f  R and F r e s p e c t i v e l y .  Then 
r a d  R = D  J DR
= PUN © KB. © Z FB^ | j  e { 1 , .  . . , r } and  K p r i me  i d e a l  o f  F}
J i ^ j
= N © 2 ( 0  7 ° c)B-  = N ©  E ( r a d  F)B,  . 
i  F 1 i  1
(b) Le t  77L and Tf \ -  ( i  = l , . . . , r )  d e n o t e  t h e  c o l l e c -
K  1
t i o n s  o f  maximal  r i g h t  i d e a l s  o f  R and e^Re^ r e s p e c t i v e l y .
Then Rad R = n?nR -
0 ( N  ©  M. © I  >e i R e . |  j e { l , .  . . , r }  ; M. max r i g h t  i d e a l  o f  e . R e . }  
J 1 J 3 3
= N ©  2 ( 0 7 7 7 4 )  = N ©  2 (Rad e Re . )  
i  i  1




2 . 3  The S t r u c t u r e  o f  On e - S i de d  I d e a l s
We saw i n  2 . 1  t h a t  e v e r y  t w o - s i d e d  i d e a l  ha s  a decom­
p o s i t i o n  i n t o  homogeneous b l o c k s  wh ic h  s a t i s f y  a v e r y  n i c e  
c o n t a i n m e n t  p r o p e r t y .  Here  we a t t e m t  a s i m i l a r  a n a l y s i s  f o r  
o n e - s i d e d  i d e a l s .  For t h e  p u r p o s e  o f  i n f o r m a l  d i s c u s s i o n ,  
l e t  us use  t h e  t e r m  h o r i z o n t a l  ( v e r t i c a l )  " se g m e n t "  f o r  t h e  
i n t e r s e c t i o n  o f  a row (column)  w i t h  a b l o c k .  We w i l l  s ee  
t h a t  a r i g h t  ( l e f t )  i d e a l  can be v i s u a l i z e d  as  a sum o f  
homogeneous h o r i z o n t a l  ( v e r t i c a l )  s egm en t s  w i t h  a c o n t a i n ­
ment  p r o p e r t y  a n a l o g o u s  t o  t h e  one f o r  t w o - s i d e d  i d e a l s .  
However ,  a s i m p l e  example  shows t h a t  we c a n n o t  g e t  t h e  com­
p l e t e  c h a r a c t e r i z a t i o n  t h a t  we d i d  i n  Theorem 2 . 1 . 4  .
I f  we l i n e  up h o r i z o n t a l  s egm en t s  s t a r t i n g  f rom t h e  
l e f t ,  we g e t  t h e  r i g h t  a n a l o g  o f  t h e  l owe r  l e f t  r e c t a n g l e s  
o f  2 . 1  :
2 . 3 . 1  Lemma. Le t  R = FB be a f u l l  T - r i n g ,  i  e and 
q < k . De f in e  S. as  2 e . . R e . = £ F e . .  . Then S.  i s  a
lq j<q 11 J jeQq lq
r i g h t  i d e a l  o f  R .
P r o o f :  I t  i s  e v i d e n t  t h a t  S . „  i s  an a d d i t i v e  g roupXH
and t h a t  S . = {a e F j F e . . a  = 0 V  j  f  i  and  F e . . a C  M }i q  n ' l j  l i  q
where  M = F e ^  ©  . . .  ©  Fe^n and = E Fe^ j  as  u s u a l .  Le t
j e Q q
a e and r  e  R . Then F e ^ a r  = Or = 0 V j j  i  and 
Fe l i a r  C  Mq r  C M q . 11
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We a l s o  have  F - d e r i v e d  r i g h t  i d e a l s  o f  R ; r i g h t  
i d e a l s  o f  t h e  form KB where  K i s  a r i g h t  i d e a l  o f  F . ( p r o o f :  
same as i n  2 . 1 . 1 )  . Thus we h a v e ,  as  i n  t h e  c a s e  o f  two-
s i d e d  i d e a l s ,  two b a s i c  t y p e s  o f  r i g h t  i d e a l s  f rom wh ic h  we
can o b t a i n  many more by t a k i n g  sums and  i n t e r s e c t i o n s .
Let  us now c o n s t r u c t  t h e  r i g h t  a n a l o g  f o r  t h e  i d e a l
© Z K . . B . .  o f  2 . 1  . Let
i > j  13 1J
{ K ^  | i  = l , . . . , n  ; q < k where  i  e P^} be a c o l l e c t i o n  o f  
r i g h t  i d e a l s  o f  F s a t i s f y i n g
2 . 3 . 2  K - „ O  K • n wh eneve r  p < q .J-P ±q
Denote  B H e . - R e  by B. . (Note :  T h i s  i s  n o t  t h e  same as xx q x q
t h e  p r e v i o u s  B-a . )  Then X = © Z K*n B- i s  a r i g h t  i d e a l  xh i>q  14 i q
o f  R . Th i s  f o l l o w s  i m m e d i a t e l y  f rom t h e  f a c t  t h a t  X =
Z (S.  n  K. B) . i q  1 1 i q  i , q  H
To v e r i f y  t h a t  X does  e q u a l  Z ( S ^ q D  K- B) , n o t e
i , q
t h a t  e a c h  Si q Bi q C S i q A y  so  X = E K .qBi q  C
>4
^ q ( S i q n K l q B)  1 3 1 3 0  S i q n K i q B =
by 2 . 3 . 2  and so  Z (S.  C\  K B) C  X s i n c e  X i s  c l e a r l y
i , q  14 14
c l o s e d  u n d e r  sums.
Not a l l  r i g h t  i d e a l s  o f  R a r e  o f  t h i s  form as  i s
shown by t h e  f o l l o w i n g  e xa m pl e .  Let  R = F^ . Then X =
= X
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(e l l  + e 21^R i s  a r i Sh t  i d e a l  R n o t  o f  t h e  fo rm
© Z K. B. . However ,  t h e o r e m  2 . 3 . 3  be low shows t h a t  i f  we
i.q iq iq
l ook  a t  t he  e n t r i e s  o c c u r r i n g  w i t h i n  each  h o r i z o n t a l  s e gm en t ,
t h e n  e v e r y  r i g h t  i d e a l  X o f  R does  ' ‘l ook  l i k e "  © Z K. B.
i , q  i q  i q
i n  an " e n t r y - w i s e "  s e n s e .  More p r e c i s e l y ,  X i s  c o n t a i n e d  i n  
© Z K. B. .
i , q  i q  ^
2 . 5 . 3  Theorem. Le t  X be a r i g h t  i d e a l  o f  a  f u l l
T - r i n g  R = FB . Then t h e r e  e x i s t s  a  s e t
{K-u | i = l , . . . , n ; q < k  where i  e Pk ) o f  r i g h t  i d e a l s  o f  
1 4
F s a t i s f y i n g  2 . 3 . 2  such  t h a t  e a c h  e j ^Xeq = Ri q Ri q  anc* 
X C © . y C i q Bi q  .
P r o o f : For  i  = l , , . . , n  and q < k whe re  i  c Pk l e t  
Kiq  = {k e F | kBi q C  e u X} .
I f  h , k  e Ki q  , t h e n  ( h - k ) B i q  C  hBi q  - k B ^ C e ^ X  . I f  
k e Ki q  and f  £ F , t h e n  ( k f ) B i q  = (kBi q ) f  C e ^ X f C e ^
He n ce ,  K^q i s  a r i g h t  i d e a l  o f  F
C l a i m : Each e i i Xeq = Ki q Bi q  . Let  e u x e q e e u Xeq .
eiixeq “ eii Z/ s t esteq * A  xite it ' Is each xit E Kiq 7 
s,t
Let m e Pn . Then x - ^ e .  = ( Z x .  e .  ) e  e e . . X e  R C e . . X
q i t  im z e p 12  12 n  q 11
q
so  e a c h  x.  * e K. and we have e • • Xe„ < T  K. B . „ . Let  i t  i q  11 q i q  i q
ke .  e K. B. . Then ke .  e e . . X  s o  ke .  = ke .  e e e . . X e  . im i q  i q  im 11 im im q 11 q
27
Since  i s  an a d d i t i v e  g r o u p ,  t h i s  c o m p l e t e s  t h e  p r o o f
o f  t h e  c l a i m .
Now t o  show p r o p e r t y  2 . 3 . 2  : Suppose  p < q . Let
k e Ki q  and m e Pp . Fo r  t  e Pq , k e lm = k e ^ e ^  e e . . X R C
e u X so  k e Ki p  .
The l a s t  s t a t e m e n t  o f  t h e  t h e o r e m  f o l l o w s  i m m e d i a t e l y  
f rom t h e  c l a i m .  / /
The s i n g l e  b l o c k  c a se  r e d u c e s  t o
2 . 3 . 4  C o r o l l a r y . Let  X be a r i g h t  i d e a l  o f  a t o t a l
m a t r i x  r i n g  R = Fn = FB . Denote  B D e ^ R  by B^ . Then t h e r e
e x i s t s  a s e t  (K^ | i  = l , . . . , n }  o f  r i g h t  i d e a l s  o f  F such
t h a t  e a c h  e •- X = K-B. and X C  ®  EK.B• . n  l  i  i
Each o f  t h e  above  r e s u l t s  f o r  r i g h t  i d e a l s  ha s  t h e
o b v i ou s  a n a l o g  f o r  l e f t  i d e a l s .  In  p a r t i c u l a r ,  t h e  l e f t  
a n a l o g  f o r  2 . 3 . 3  i s
2 . 3 . 5  Theo rem. Le t  X be  a l e f t  i d e a l  o f  a f u l l  
T - r i n g  R = FB . Denote  b H  e ^ R e — by Bp j . Then t h e r e  e x i s t s
a s e t  {K . | j  s l , . . . , n  ; p > k where  j  e P^} o f  l e f t  i d e a l s
P J
o f  F s a t i s f y i n g
2 . 3 . 6  K . ID K . wheneve r  p >. q
  PJ q j
su ch  t h a t  e a c h  ep X e ^  = Kp ^Bp  ^ and X C  CD 2 Kp ^B . .
P »J
P r o o f : S i m i l a r  t o  p r o o f  o f  2 . 3 . 3  . / /
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2 . 4  D e c o m p o s a b i l i t y
2 . 4 . 1  D e f i n i t i o n . A r i n g  R i s  s a i d  t o  be decomposab le
i f f  R can  be e x p r e s s e d  as  a  d i r e c t  sum o f  n o n z e r o  i d e a l s .
2 . 4 . 2  Theo rem. Le t  R = FB be a f u l l  T - r i n g .  Then R 
i s  decomposab l e  i f f  F i s .
P r o o f : Suppose  F = H © K where  H and K a r e  n o n z e r o
i d e a l s  o f  F . Then R = FB = CH © K)B = HB © KB and we know
by 2 . 1 . 1  t h a t  HB and KB a r e  i d e a l s  o f  R .
Let  R = X ©  Y f o r  some X , Y n o n z e r o  i d e a l s  o f  R .
By 2 . 1 . 4  , t h e r e  e x i s t  i d e a l s  , K.^ su c h  t h a t  X =
© Z H . . B . . and Y = ©  l  K . . B - . . Then EFB. .  = R « X © Y
i> j 15 i>j 5 15 15
-  SH1;jBi;j © SKi j B i j  -  E(Hi j B i j  © Ki j B i .) = ©  K ^ J B ^  .
We c o n c l u d e  F -  ©  K^j V i , j  . / /
The f o l l o w i n g  c o r o l l a r y  shows t h a t  we can s a y  even 
more:  t h a t  t h e  d e c o m p o s i t i o n  o f  R i s  an e s p e c i a l l y  n i c e  one .
2 . 4 . 3  C o r o l l a r y . Le t  R = FB be a f u l l  T - r i n g  which  
i s  de co m p o sa b l e :  R = X © Y  . Then t h e r e  e x i s t  i d e a l s  H , K 
o f  F su c h  t h a t  X = HB , Y = KB and  F = H ®  K .
P r o o f :  By 2 . 4 . 2  , F = ©  K , = H. . ©  K. . V i , j  .  r i  r l  x j  i j
But  H - O H .  . and  K , 3 k . .  V i , j  . Thus H - = H. . and r l  i j  r l  i j  r l  i j
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Kr ^ = K^ _. V  i  J  . I f  we l e t  H = and K = , t h e n
X = E HB, ,  = HB , Y = E KB— = KB , and  F = H © K . / /
i , j  J i,j J
2 . 4 . 4  C o r o l l a r y . Let  R -  FB be  a  f u l l  T - r i n g  which  
i s  deco m po sa b l e :  R = HB © KB . Then B' = ^ H e i j  I e i j  £ 
i s  a s e t  o f  m a t r i x  u n i t s  f o r  HB and H = Cent  B' . Thus 
HB = HB' and HB1 i s  a f u l l  T - r i n g  ov e r  H . The a n a l o g o u s  
r e s u l t s  h o l d  f o r  B’ ’ = { l ^ e ^ j  | e — e B> and each
i i i
e . . = e - • + e - . .13 13 13
* t
P r o o f :  For  e . .  = l . , e . . , E e . .  = 1 , 1  = 1 and  i j  H i j  1 1  H F H
1 » 1 1 -e . . e ,  = 1..1 e . . e ,  = 6 . . e .  so  B i s  a s e t  o f  m a t r i x  u n i t s
13 km H H 13 km 3 k im
f o r  HB . By a r g u i n g  as  i n  1.2.9,  we g e t  H = Cent  B' . Let  
e ! .  e B 1 and e ! !  e B , f  . Then e ! .  + e !! = l „ e . . + 1„ e . .
13 13  13 H i l  K
= (1h + 1 K^) e i j  = 1 Fe i j  = e i j  ‘ H
2 .5  The L a t t i c e s  o f  A n n i h i l a t i n g  I d e a l s
Le t  S be any r i n g  and 6£^(S)  be t h e  s e t  o f  l e f t -  
a n n i h i l a t i n g  i d e a l s  o f  S : L e 6Z.^(S) i f f  L i s  an i d e a l  o f  
S and L = {a e S | aR = 0 f o r  some R C S }  . I f  R i s  t h e  s e t  
o f  a l l  e l e m e n t s  wh ich  a r e  l e f t - a n n i h i l a t e d  by L , t h e n  R i s  
an i d e a l  o f  S and i n  f a c t  R i s  t h e n  t h e  r i g h t  a n n i h i l a t o r  
o f  L. We w i l l  d e n o t e  t h i s  by L = £(R) and  R = *(L)  . The 
n o t a t i o n  &(R) w i l l  be u s e d  o n l y  i n  t h i s  s e n s e .  T h u s ,  L = Jl(R)
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i m p l i e s  R i s  t he  s e t  o f  a l l  e l e m e n t s  w h i ch  a r e  l e f t - a n n i h i ­
l a t e d  by L ; hence  R i s  an i d e a l .  The s i m i l a r  r ema rk s  h o l d  
f o r  >1 (1 0  . I t  i s  w e l l - k n o w n  t h a t  CL (S) i s  a com p l e t e  
l a t t i c e  u n d e r  i n c l u s i o n  w i t h  i n t e r s e c t i o n  as i n f .  However ,
CL%{.S) i s  n o t  a s u b l a t t i c e  o f  t h e  l a t t i c e  o f  a l l  i d e a l s  o f  S 
s i n c e  t h e  sup o f  a s u b c o l l e c t i o n  CD o f  ^ £ (S)
( i n f  (L e ( 2  (S) | L 3 D  V D }) i s  i n  g e n e r a l  l a r g e r  t h a n
&
t h e  i d e a l - t h e o r e t i c  sum. A l s o ,  t h e r e  i s  a du a l  i so morph i sm  
be tween  CL (S) and CL (S) , t h e  s e t  o f  r i g h t - a n n i h i l a t i n gAt
i d e a l s :
(2 £cs)-------------- » Cl ^sj
L I-----------------------> ' t  (L)
Jl (R) <----------------------------- I R
We now p r o c e e d  t o  d e s c r i b e  ££ (S) (and he nce  C LK(S)
by t h e  d u a l  i so m or ph i sm  above)  where S = F = FB .
,*•*  * t
F i r s t ,  we f i n d  two b a s i c  t y p e s  o f  a n n i h i l a t o r s  and  t hen  
c o n s i d e r  t h e  most  g e n e r a l  k i n d .  For  k = l , . . . , t  l e t
= S ( e 1 + . . .  + e k ) and Rk = ( e t  + e t _1 + . . .  + e t _k+1)S  .
2 . 5 . 1  Lemma. I f  S i s  a f u l l  T - r i n g  o f  d e g r e e  t  , t h e n  
t h e  c h a i n  0 = LQ < L < . . .  < = S i s  c o n t a i n e d  i n  ^Z^ (S)  .
In  p a r t i c u l a r ,  Lk = &(Rt  k ) V k .
P r o o f :  Lk i s  an i d e a l  s i n c e  i t  i s  a sum o f  k o f  t h e  
" l ow er  l e f t  r e c t a n g l e s "  o f  2 . 1 . 2  , n a me ly  Lk =
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S + S ._  + . . . + S . , . Let  e = e .  + . . .  + e. , Then e i s  an11 22 kk 1 k
i d e m p o t e n t  and R. . = (e^ + e  „ + . . . +  e , )S  =^ t - k  t  t - 1  t - ( t - k ) +1
(1 - e )S  so  Lk = Se = £ ( ( 1  - e ) S )  = MR t _k ) . / /
2 . 5 . 2  Lemma. Le t  S = FB be a f u l l  T - r i n g  and
K = £ ( J )  e £ L ( F )  . Then KB = £(JB)  e CL A S )  .J6 &
P r o o f :  S i n c e  K i s  an i d e a l  o f  F , KB i s  an  i d e a l  o f  
FB . (KB)(JB) C  (KJ)B = 0 so  KB C  £ ( JB) . Le t  k =
Zk^b e £(JB)  . Then k j  = 0 V  j  e J  C  JB . Hence k ^ j  =
0 V b e B and V j  £ J  . Thus e ach  k^ e £ ( J )  = K and 
k e KB . / /
I n  t h e  n e x t  two t h e o r e m s , B. = B 0  Se^ and =
B n  e i S .
2 . 5 . 3  Theo rem. Let  S = FB be a f u l l  T - r i n g  o f  d e g r e e
t  . I f  K1 , .  . .  ,Kt  e Cl ^ (F)  s a t i s f y  Kj  ^ D  . . .  13 K and  L =
t  t
Z K.B. , t h e n  L e CC A  S) . I n  p a r t i c u l a r ,  L = £(  Z / t ( K . ) D . )
i = l  i  i  £ i = 1  i  i
P r o o f :  Le t  e a c h  ^ ( K . )  = J .  and R 58 Z J . D .  . S i n c e  
---------  l  l  i = l  1 1
t h e  K. a r e  i d e a l s  s a t i s f y i n g  K. 3  . . .  3  K , L i s  an i d e a l1 A t
o f  S . Now LR
t  t  t
= ( Z K B ) (  Z J  D ) = Z ( K B . )  ( J . D , )  
i = l  1 1  h= l  h h i > h = 1  i i  h h
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= ( s i n c e  J ^ C F  = Cent  B)
= E C i q j ^ C B ^ ^  ( i  h => Pi D P h = 0 => Bi D = 0)
l
= 0 s i n c e  = n. (K. )  . Thus LcJl(R) .J* X
L e t  k = Zk e e £(R) . Then f o r  h = l , . . . , t  xy xy
k j e h = 0 V j e J h . But  0 = k j e h = Z kxy j e xy V j  e J h =>
x ,y
y £ P h  t
k ^ y e = wheneve r  y e . Hence k e E ^ h Bh, = ^ . / /
The n e x t  t h eo re m  shows t h a t  e v e r y  l e f t  - a n n i h i l a t i n g  
i d e a l  i s  o f  t h e  fo rm o f  L i n  2 . 5 . 3  .
2 . 5 . 4  Theo rem. Let  S = FB be a f u l l  T - r i n g  o f  de g re e  
t  and  L e 6 1  S) • Then t h e r e  e x i s t  K1 ,K2 , . . . , K  e ^Z^ (F )
t
s a t i s f y i n g  K1 Z? K9 D  . . . Z  K su c h  t h a t  L = E K.B.  . 
l   ^ t
P r o o f : L = £(R) f o r  some R e ^Z^ (S )  . S i n c e  L i s
i d e a l ,  t h e r e  e x i s t  i d e a l s  K - . o f  F s a t i s f y i n g  K Z  K . .
J- J U  V X  J
wheneve r  u > i  and  v j su c h  t h a t  f o r  B^j  = B f |  e^Rej
e ;
an
L = E K. .B. . . 
i j  i j
C l a im  1 ; Fo r  e ach  j , = K.^ V  i  . S i n c e  S ha s
d e g r e e  t  , C  Kt j V  i  . Le t  k £ and  e ^  £ B^j . We
want  t o  show t h a t  ke  R = 0 . Let  r  = E r YVe v „ e ^ ■ Thenqw x>y xy xy
ke r  = Ekr  e , . For  e a c h  y , r wveitw e R and  s i n c e  w £ P .  , qw wy qy WY wy 1
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we have  f o r  z e Pfc , ( k e zw) ( r wyewy) = k r wye zy = 0 . Thus
k r wv = 0 V y and we o b t a i n  k e _ rR = 0 . Hence ke e L wy '  qw qW
and t h e r e f o r e  k e K. . . /1 J
By c l a i m  1 , we can w r i t e  K . .  = K . . „  . = . . .  = K^.
1 13 3 + 1 3 t j
t
= K. and t h u s  L = 2 K.B.  where  o b v i o u s l y  K Z) K„ 'Z>. . .Z}  K .
3 j = i  3 3 1 1 z
I t  r e m a in s  t o  show t h a t  e a c h  i s  a l e f t  a n n i h i l a t o r
i n  F . By a r g u i n g  as a b o v e ,  t h e r e  e x i s t  i d e a l s
t
J  C  J ,  C . . .  CZ J  o f  F such  t h a t  R = E J.D^ where  
l  Z t  i —1
Di  = B 0  e ^  .
C l a im 2 : • Let  k e . Then ke^  e L so
Ckei ) ( j e i ) = 0 V j  e J i  But  0 = ( k e i ) ( j e i ) = ( k j ) e i  =>
kj  = 0 . Thus Ki  C W * )  ■ Le t  k e and
r  = 2 r xye xy e R * Then C k e ^ r  = k L r xye xy e k J . D i  = 0
x , y  x , y
xe
so k e .  e &(R) = L . Hence k £ K- . / /
X ^
x e p i
Le t  L^ have  t h e  same meaning  a s  i n  t h e  p r e l i m i n a r y  
r em ar ks  o f  t h i s  s e c t i o n .
2 . 5 . 5  C o r o l l a r y . I f  S = FB i s  a f u l l  T - r i n g  o f  d e g r e e  
t  o v e r  a p r ime  r i n g  F , t h e n  = {Lq ,L^ , .  . . ,L } .
34
P r o o f : By 2 . 5 . 1  , £Z^ (S )  Z) {Lq ,L , .  , . ,L } . Suppose
t
L = 2 K.B.  e C c 0 (S) , L f  0 . S i n c e  S = L 3  L and t h e  L.
j = l  J J * z  1
form a c h a i n ,  t h e r e  e x i s t s  a s m a l l e s t  k su c h  t h a t  L ^ L  .
Because  F i s  a p r im e  r i n g ,  O L a F) = { 0 , F } so  K- = F V  j < k
k
and K. = 0 V j > k . T h e r e f o r e ,  L = Z FB. = L, . / /
J j = l  J K
The c o n v e r s e  o f  2 . 5 . 5  i s  a l s o  t r u e :
2 . 5 . 6  P r o p o s i t i o n . I f  S = FB i s  a f u l l  T - r i n g ,  t h en  
= {Lq , .  . . , L^.} o n l y  i f  F i s  a p r ime  r i n g .
P r o o f : F n o t  p r im e  => 3 K e {2^ (F)  - { 0 , F } . Then
KB e <2£ (S) b u t  KB i s  n o t  one o f  t h e  L^ . / /
The f o l l o w i n g  i s  n eed ed  i n  t h e  n e x t  c h a p t e r .
2 . 5 . 7  P r o p o s i t i o n . Let  S = FB be a f u l l  T - r i n g  of  
d e g r e e  t  > 1 o v e r  a n o n - p r i m e  r i n g  F . Then ^ ^ ( S )  i s  n o t  a 
c h a i n .
P r o o f : S i n c e  F i s  n o t  p r i m e ,  t h e r e  e x i s t s  K e
_ {Q»F} and  t h e r e f o r e  by 2 . 5 . 2  , KB e " {0 ,S} .
Le t  e ^ , . . . , e t  have  t h e i r  u s u a l  mea n ing .  We know by 2 . 5 . 1  
t h a t  Se^ e . S i n c e  t  > 1 , KB <p Se^ ; and s i n c e
K t  F , KB Se^ . Hence S) i s  n o t  a c h a i n  . / /
CHAPTER I H
UNIQUENESS OF T-RINGS
S e v e r a l  q u e s t i o n s  a r i s e  wh ich  a sk  ab ou t  t h e  u n i q u e ­
n e s s  o f  t h e  r e p r e s e n t a t i o n  o f  a f u l l  T - r i n g  i n  t h e  form 
R = FB o r  R = F . Fo r  e x a m p le ,  suppose  FB = GC .
n l > • • •
Are F and G t h e n  i s o m o r p h i c ?  I s  t h e r e  any n i c e  r e l a t i o n s h i p
be tween  B and C ? I f  F_ = G , a r e  F and Gi • • » jrij, j « • * jiiig
i s o m o r p h i c ?  I s  r  = s ? I f  s o ,  i s  n- = m. V i  ? Can we pe rm u t e
t h e  b l o c k  numbers w i t h o u t  d i s t u r b i n g  t h e  r i n g ?  i . e .  i s
F i s o m o r p h i c  t o  F f o r  any  p e r m u t a t i o n
n l > • • • »n r  np ( l ) * *’ * , n p ( r )
p o f  { l , . . . , r }  ?
I n  g e n e r a l ,  t h e  an swe r  t o  e a c h  o f  t h e s e  q u e s t i o n s
i s  n o .
5 . 1  Examples  o f  Non-Un iquenes s
The t o t a l  m a t r i x  r i n g  c a se  i s  enough t o  show t h e  
n o n - u n i q u e n e s s  o f  t h e  r e p r e s e n t a t i o n  R -  FB . Examples  a r e  
g i v e n  i n  [20] .
Now l e t  us l o o k  a t  some exam ple s  t o  show t h e  n o n ­
u n i q u e n e s s  o f  t h e  r e p r e s e n t a t i o n  o f  a  f u l l  T - r i n g  i n  t h e
form F . The f i r s t  example  shows t h a t  a t o t a l
n l > • • * »nr
m a t r i x  r i n g  can a c t u a l l y  be  i s o m o r p h i c  t o  a n o n - t o t a l  f u l l  
T - r i n g !
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5 . 1 . 1  Ex am pl e . L e t  F be any r i n g  w i t h  u n i t y .  Then 
^ 2 ^ 1 , 1  = F2,2  = t Fl , 1 ^ 2  *
P r o o f : S p e c i a l  c a s e  o f  3 . 1 . 2  be low .
F 2 2 s 1^2 s ^ ows t h a t  t h e  d e g r e e  o f  a f u l l
T - r i n g  i s  n o t  u n i q u e .  I t  i s  a f u n c t i o n  o n l y  o f  t h e  g i v e n
r e p r e s e n t a t i o n  F- . (F,,)., . = F- „ shows t h a t  t h ev  n - p . . . , n r  2 '  1 , 1  2 , 2
b l o c k  numbers  may n o t  ma tch  up even  when t h e  d e g r e e s  a r e  t h e  
same.  The c a se  o f  F a f i e l d  shows t h e  n o n - u n i q u e n e s s  o f  b a s e  
r i n g s .  Example 3 . 3 . 1  be lo w  i s  a n o t h e r ,  l e s s  p r e d i c t a b l e  
i l l u s t r a t i o n  o f  n o n - u n i q u e n e s s  o f  d e g r e e  and b a s e  r i n g s .  
T h e r e ,  t h e  d e g r e e  o f  e a c h  r e p r e s e n t a t i o n  i s  g r e a t e r  t h a n  
one ;  h e nc e  example  3 . 1 . 1  and i t s  g e n e r a l i z a t i o n  i n  3 . 1 . 2  do 
n o t  e x e m p l i f y  m e r e l y  an i s o l a t e d  a b n o r m a l i t y .
We now s e e  t h a t  wheneve r  t h e  b l o c k  numbers  o f  a f u l l  
T - r i n g  a r e  n o t  r e l a t i v e l y  p r i m e ,  t h e n  t h e  r i n g  can be  
" f a c t o r e d ” i n  two d i f f e r e n t  ways .
3 . 1 . 2  Theorem. For  any r i n g  F w i t h  u n i t y ,
( f )
m n^ , • • ■ ^^1 >1 * * »mn j, n^ , .  . .  , n-^ . m
t h e  i so m o r p h i s m s  b e i n g  b o t h  r i n g  i som or ph i sm s  and  F-module  
i s o m o r p h i s m s .
P r o o f : ( a )  Le t  A = {e^j  j i , j  = l , . . . , m )  ,
B = { f pq | ( p , q )  e T} , and  D = {gs t  | ( s , t )  e T*} be t h e
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g i v e n  s e t s  o f  m a t r i x  u n i t s  f o r  F , (F ) , and
Fm„ r e s p e c t i v e l y .  A t y p i c a l  e l e m e n t  o f  ( F I
m n1 1 , , , >nm r  K  ^ 111 n i ,  . . . , n r
i s  t h e n  o f  t h e  form Z ( Z x . . e . . ) f  = Z x „ „ . . e . . f „ „  .
p,q i j  I } ’  P« p . q . i . j  P1D ^  P«
In f a c t ,  AB -  t e i j f  | i . j  = ; (p,q) £ T} i s  a
b a s i s  f o r  t h e  f r e e  F-module  (F ) . Thus we cann r n j ,  . . . , n r
d e f i n e  an F-homomorphism
F_$: fF 1 ------mJ n^ , .  . . , n r  mn1 , . . . , m n r
by $ ( e ^ j f p q )  -  6 ( ( p - 1 ) m + i ) ( ( q - 1 ) m+j )
Suppose  ^ C e - . f p q )  = <Heh k f s t ) ’
i , e - g ( ( p - l ) m + i ) ( ( q - l ) m + j )  ~ g ( ( s  -1)  m+h) ( ( t -1)  m+k)
Then ( p - l ) m + i  = ( s - l ) m + h
and (q - l ) n i+ j  = ( t - l ) m + k
which  y i e l d s  ( p - s ) m  = h - i  
and ( q - t ) m  = k - j  .
I f  p /  s , t h e n  m | (h - i )  ; b u t  h , i  e { l , . . . , m }  = > h  = i
and p = s so  we have  a c o n t r a d i c t i o n .  Thus p = s and h = i  .
L ik e wi se  q = t  and  k = j ; h e nce  $ i s  o n e - t o - o n e .  S i n c e
r  r
Card (AB) = m2 (Ca rd  T) = m2 ( Z n i n -;) = 2 (ron-OCm*1.:)
i > j = l  1 i > j = l  J
= Card T 1 , <P i s  a  b i j e c t i o n  be tw een  t h e  two b a s e s  AB and D , 
hence  i t  i s  an F - i s o m o r p h i s m .
I s  $ ( e * j f p q  eh k ^ s t ^  “ ^ e i j ^ p q ^  ^^e hk^st-^ ^
I f  s = q and  j -  h , t h e n
$ ( e i j f pq ’ Gh k £s t ^  = $(-e i k f p t ^  = g ( ( p - l ) m + i )  ( ( t - l ) m + k )
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g ( ( p - l ) m + i )  ( ( q - l ) m + j ) g ( ( s - l ) m + h 3  ( ( t - l ) m + k )
" ^ e x j V $Ceh k f s t ^  *
I f  s ^ q o r  i f  j  f  h , t h e n  an e x a m i n a t i o n  o f  c a s e s  as  i n
t h e  a rgumen t  f o r  $ b e i n g  o n e - t o - o n e  shows b o t h  s i d e s  e q u a l
t o  z e r o .  Thus $ i s  a l s o  a  r i n g  i so m orp h i s m .
(b) Let  B' = {e i j | ( i , j )  e T} ,
A' = { f pq | p , q  = l , . . . , m }  , and D ={gs t  | ( s , t )  e T ' } be
t h e  g i v e n  s e t s  o f  m a t r i x  u n i t s  f o r  F ,n j  , .  . ,  , n r
(F„ , and  Fra„ r e s p e c t i v e l y .  Let ^ n 1 , . . . , n r 'm mn1 , . . . , m n r
m-1
R Z n c  ■? TFg ( x n + i ) ( y n + j )  ’ Then x ,y=0 ( 1 , j ) eT '  w J
: fF  > R d e f i n e d  by
n x , .  . .  >nr  m
$ Cn a Zi i V l i j e i j W  = „ a Ei i Xp q i j g C(p- l )n+i )  C(q- l )n+j)
i s  a r i n g -  and an F - i s o m o r p h i s m  as i n  (a)  . We f i n i s h  by
1 » •  •  *
showing  t h a t  R i s  r i n g -  and  F - i s o m o r p h i c  t o  S = Fmn
To a c c o m p l i s h  t h i s ,  we w i l l  use
5 . 1 . 3  Lemma. Suppose  FB i s  a f u l l  T - r i n g  o f  r a n k  n 
w i t h  C , D two s u b s e m i g r o u p s  o f  B = { e — | ( i , j )  e T) . Le t  
R = FC and  S = FD be  t h e  c o r r e s p o n d i n g  s u b r i n g s  o f  FB . I f  
t h e r e  e x i s t s  a p e r m u t a t i o n  p o f  { l , . . . , n }  su ch  t h a t  t h e
c o r r e s p o n d e n c e  e — i------------- > e p ( i ) p ( j )  a b i s e c t i o n  b e tw ee n
C and D , t h e n  R and S a r e  i s o m o r p h i c  a s  r i n g s  and a s  F-mod- 
u l e s .
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P r o o f :  S i n c e  C and D a r e  b a s e s  f o r  R and  S
r e s p e c t i v e l y ,
Q ; FR * pS
8 ( e i j J "  SP ( i ) P C j )  
i s  an F - i s o m o r p h i s m .  But  = ®C<5;jlce lmJ = «j k epCi)p(]n)
= e P ( i ) P C j ) eP (k )P (m )  = 6 <e i j ) 0 <e ka> 50 0 15 a r i n g
i som or ph i sm  . /
Remark : The p r o o f  shows t h a t  t h e  g i v e n  c o r r e s p o n d e n c e  
be tween  C and D i s  a s e m ig ro up  i s o m o r p h i s m ,  even  t hough  we 
ne ed ed  o n l y  t o  assume t h a t  i t  be a b i j e c t i o n .
To a p p l y  t h e  lemma, n o t e  t h a t  R and S a r e  s u b r i n g s
o f  F , R = FC , and S = FD where  mn ’
^ = ^ ( x n  + i )  ( y n + j ) I x , y = 0 .  ,m - 1 ; ( i , j )  e T}
and D = {gs t  | ( s , t )  e T* } •
We need  a p e r m u t a t i o n  p o f  { l , . . . , m n }  which  i n d u c e s  a b i ­
j e c t i o n  b e tw ee n  C a nd  D .
To o b t a i n  t h e  d e s i r e d  p , we f i r s t  p a r t i t i o n  t h e  s e t
{ l , . . . , m n >  i n  two d i f f e r e n t  ways .  We know t h a t  t h e  b l o c k
numbers  n i , . . . , n r  o f  F d e t e r m i n e  a p a r t i t i o nn l  y • • •
P-L \ J  • • • U  p r  o£ {1 ,  • • * . Let [J . . .  \J P'Y be the
c o r r e s p o n d i n g  p a r t i t i o n  o f  { l , . . . , m n }  d e t e r m i n e d  by t h e
b l o c k  numbers  n u i p , . . . , m n r  o f  S ; t h a t  i s  ,
p i  3 0  e N  t + * * * + inni - l  K j  £  mni  + • • • + > •
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m-1
Let  n + P .  = { n + j | j e P i ) and  X. = \ J  (kn + P- )  . Then 
1 1 k=0
^  U  • • •  U  x r  i s  a s e co nd  p a r t i t i o n  o f  ( 1 , . . . ,mn> .
S i n c e  Card(X^)  = mn^ = Ca rd(P^ )  , t h e r e  e x i s t s  a
b i j e c t i o n  : X^---------------> P^ ( i  = l , . . . , r )  .
r
Le t  p = \ J  p .  . S i n c e  t h e  p.  have  d i s j o i n t  domains  and d i s -  
i = l  1 1
j o i n t  r a n g e s ,  p i s  a b i j e c t i o n :
r  r  f
p : { J  X. = { l , . . . , m n } ---------- * { J  P. = { l , . . . , m n }  .
i = l  1 i = l  1
Thus p i s  a p e r m u t a t i o n  o f  { l , . . . , m n }  .
I t  r em a in s  t o  show t h a t  p i n d u c e s  a  b i j e c t i o n  b
between C and D . Let gs t  = 8 t x n + i J [y n+jj 6 c • I s
* p ( s ) p ( t )  e D ? gs t  E C “ > E T = x Pk =>
( i , j )  e P^ x P^ f o r  some h > k => ( s , t )  e X^ x X^ where  
h > k => ( p ( s ]  , p ( t ) )  = (ph ( s j  , Pk ( t j J  e P^ x P ’ C T 1 =>
^ p ( s ) p C t )  e ^ ‘ ^ en c e  i n d u c e d  f u n c t i o n  b does  a t  l e a s t  
map C i n t o  D . S i n c e  p i s  1 - 1 , so  i s  b , and s i n c e  Card  C
T  T
= m2Card T = m2 E n - n .  = E (mn-) (mn-)  = Card T* =
i > j  = i  1 J i > j » i  1 J
Card D , b i s  a b i j e c t i o n .  1 1
3 . 1 . 4  Remark . At t h e  s t a r t  o f  t h e  p r o o f  f o r  3 . 1 . 2  ,
we knew o n l y  t h a t  t h e  p r o d u c t  s e t s  AB and b ' a ' were  b a s e s .
S i n c e  t h e y  c o r r e s p o n d  t o  s e t s  o f  m a t r i x  u n i t s  u n d e r  i s o ­
morphisms , we now know t h a t  t h e y  a r e  a l s o  s e t s  o f  m a t r i x
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u n i t s .  I n  f a c t ,
(FA)B = F(AB) s FCB'a ' )  * (FB’ )A'  .
The o v e r a l l  p i c t u r e  o f  t h e  r e l a t i o n s h i p s  i n  3 . 1 . 2  i s
AB - ------> D <-----   C <------—-----B’A'
3 .2  Un iq ue nes s  Theorems
Now t h a t  we have  s e e n  how b a d l y  n o n - u n i q u e  f u l l
T - r i n g s  can be i n  g e n e r a l ,  a r e  t h e r e  c o n d i t i o n s  we can im­
p o s e  which  w i l l  g u a r a n t e e  u n i q u e n e s s  o r  a t  l e a s t  some de g re e  
o f  u n i q u e n e s s ?  The n e x t  few t h e o r e m s  b e g i n  a n s w e r i n g  t h a t  
q u e s t i o n .  F i r s t ,  l e t  us r e c o r d  wha t  we mean by an I B N - r i n g .
P.  M. Cohn i n  [6] t o  have  an i n v a r i a n t  b a s i s  number  ( o r ,  t o  
be an I B N - r i n g ) i f f  f o r  e v e r y  f r e e  module  pM w i t h  a f i n i t e  
b a s i s ,  any two b a s e s  o f  pM have  t h e  same number  o f  e l e m e n t s .  
I f  F i s  an I BN - r in g  and pM i s  a f r e e  module w i t h  a f i n i t e  
b a s i s ,  t h e n  t h e  number  o f  e l e m e n t s  i n  a b a s i s  o f  pM i s  
c a l l e d  t h e  r a n k  o f  M .
3 . 2 . 2  Lemma. Le t  R = FB be a f u l l  T - r i n g .  Then R i s  
an I B N - r i n g  i f f  F i s  an I B N - r i n g .
5 . 2 . 1  D e f i n i t i o n .  A r i n g  F w i t h  u n i t y  i s  s a i d  by
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P r o o f :  I f  R i s  an I B N - r i n g ,  so  i s  F by [7 ,  P r o p o s i ­
t i o n  2 . 5 ]  . C o n v e r s e l y ,  i f  F i s  an I B N - r i n g ,  t h e n  Fn (where  
FB C  Fn ) i s  an IB N - r i ng  by [ 2 0 , Theorem 3 .5 ]  and R i s  hence  
an I B N - r i n g  by [2Q, Theorem 3 . 3 ]  . / /
3 . 2 . 3  D e f i n i t i o n , (a)  An I B N - r i n g  F i s  c a l l e d  a 
s t r o n g  I B N - r i n g  i f f  f o r  e v e r y  f r e e  module  pM o f  f i n i t e  r a n k ,  
wheneve r  M = ©  . . . © and pM^  = pM^  V i  , where  n =
ran k  M , t h e n  e ach  pM^  i s  f r e e .
(b)  An I B N - r i ng  i s  c a l l e d  a v e r y  s t r o n g  I B N - r i n g  i f f  
f o r  e v e r y  f r e e  module pM o f  f i n i t e  r a n k ,  whe nev e r  M =
© . . .  © ^  and pM^ = pM^ V i  , t h e n  e ach  pNL i s  f r e e .
These  two c o n c e p t s  a r e  a p p a r e n t l y  due t o  J a t e g a o n k a r  
and J o h n s o n  r e s p e c t i v e l y .
3 . 2 . 4  Theorem.  Let  V = F_ = FB and------------------------  n . p . . . , n v
W = G_ = GC w i t h  B = {e- -  | ( i , j )  e T) and
1 1 * * * ^
C = ( f . . | ( i , j )  £ T*} . I f  V = W and e i t h e r
-*• J
(1)  F i s  p r i me  and w > 1
o r  (2) F and G a r e  b o t h  p r i me
t h e n
(a)  v = w and ea c h  e^Ve^ = ^ i ^ i
(b) i f  F i s  a v e r y  s t r o n g  I B N - r i n g ,  t h e n  t h e r e  e x i s t s
q £ W su c h  t h a t  G = F^ and n^  = qm^ V  i  ,
(c)  i f  b o t h  F and  G a r e  v e r y  s t r o n g  IBN , t h e n  F = G ,
n i  = h*! V  i  an<* t h e r e  e x i s t s  an i so m or ph i sm  $
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be tween V and W su c h  t h a t  $ [F]  = G a nd  = f  • -i  y  i j
f o r  a l l  ( i , j )  e T •
P r o o f : Assume (1) . By 2 . 5 . 5  , i s  a  c h a i n ;
hence  i s  a l s o  a c h a i n .  I f  G were  n o t  p r i m e ,  ^2^(W)
would  n o t  be  a c h a i n  by 2 . 5 . 7  . Thus we conclude  t h a t  G must  
be  p r im e .  Hence (1) => (2) .
( a )  S inc e  F and G a r e  p r i m e ,  Ct. and C2 ^  (W) c o n ­
s i s t  p r e c i s e l y  o f  two c h a i n s : L q  < . . .  < Ly and Lq < . . .  < L^ 
r e s p e c t i v e l y .  The g i v e n  i somorph i sm  0 : V --------- > W in d uc e s
a l a t t i c e  i so m or ph i s m  be tween  and  Cl . T h e r e f o r e
v = w and ©[LjJ = L[ V i  . L i k e w i s e ,  CL  rt(V) = { R q , . . . , R v > ,
a HW  = { R Q , . . . , R y >  and © [ R ^  = R|  V i  . Thus,
e ^ e -  s V/ ( L i . j  + Rv _i )  = W/Cl ! . !  + R ^ )  = f ^  .
(b)  Le t  F be a ve ry  s t r o n g  I B N - r i n g .
Fn = ejVe^^ = f-^f j^  = Gm so by [ 2 0 , Theorem 4 . 2 ]  , t h e r e
e x i s t  q e IN such t h a t  G = F^ and  qm^ = n^ . Now f o r
i  = 2 , .  . . , v , F = e • Ve • = f-Wf-  = Gm = ( F J  = F„m .’ n^ i i  1 1  m^ ^ mi  <lmi
S i n c e  F i s  ve ry  s t r o n g  IBN , n^  = qm^ .
( c)  Now su p p o s e  F and G a r e  b o t h  very s t r o n g
I B N - r i n g s .  Then q = 1  so  n^ = m. V i  a n d  F = G . Hence
F = G The l a s t  s t a t e m e n t  o f  t h e  t h e o r e m  now f o l l o w s  f rom n n
3 . 2 . 5  Lemma. Suppose FB and GC a r e  two i s o m o r p h i c  
f u l l  T - r i n g s  w i t h  t h e  same o r d e r e d  s e t  o f  b l oc k  n u m b er s .
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(We know t h e r e  e x i s t  A = { e ^  | i , j  = l , . . . , n }  and  D = 
{ f | j  | i , j  = 1 , . .  . , n}  such  t h a t  B C  A and  C C D  . )  I f  
FA = GD a nd  F i s  s t r o n g  IBN , t h e n  t h e r e  e x i s t s  an  i s o ­
morphism $ : FB --------------- » GC su c h  t h a t  $ [F]  = G and
$[B] = C . I n  p a r t i c u l a r ,  ^ ( e —) = f ^ .  V e - .  e B .
J J
P r o o f :  Let  F A --------------> GD be an i s o m o r p h i s m .  Then
GD = f ' a ’ by 1 . 2 . 9  . By [20 ,  Theorem 4 . 1 ]  , t h e r e  e x i s t s
a  u n i t  u o f  GD such  t h a t  D = uA’u ' l  and  G = u F ' u " !  . In
p a r t i c u l a r ,  f j j  = u e ^ j u " 1 V i , j  = l , . . . , n  . I f  Tu
d e n o t e s  t h e  t r a n s f o r m  by u , l e t  $ = (T | FB . Then
3> : FB :-------- » GC and  4>[F] = T „ [ f ' ]  = G . S i nc e  t h ei s o  u
b l o c k  numbers  a r e  t h e  same,  B and C hav e  t h e  same i n d e x
s e t .  Hence 4>[B] = C and i n  p a r t i c u l a r ,  O(e^ j )  =
f •  ^ V e . . e B . The s i t u a t i o n  i s  summar i zed  i n  t h e  d i ag ra m i j  i j
' T
F A ----------- > F ' A ’ ---------— > GD
^  <f> = (T ° ' ) | FB ^
FB ----------------- ^ -----------------> GC . / /
We now show t h a t  i t  i s  p o s s i b l e  t o  do a l i t t l e  
t r a d i n g  o f  t h e  h y p o t h e s e s  o f  Theorem 3 . 2 . 4  and y e t  a r r i v e  
a t  t h e  same c o n c l u s i o n s .  We weaken t h e  a s s u m p t i o n  o f  ve ry  
s t r o n g  IBN t o  s t r o n g  IBN and  add  an a s s u m p t i o n  o f  e q u a l i t y  
be tween  one p a i r  o f  b l o c k  nu m ber s .
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3 . 2 . 6  Theorem.  Le t  V = = FB and
1 » •  ■ •
W = G m = GC w i t h  B = { e ^  | ( i , j )  e T) and
C = { f ^  | ( i , j )  e T 1> . I f  V = W and  e i t h e r
(1) F i s  p r ime  and w > 1
o r  (2) F and  G a r e  b o t h  p r i m e ,
t h e n
(a)  v = w and e a c h  e^Ve^ = f^Wf^
(b) i f  F i s  a s t r o n g  I B N - r i n g  and  t h e r e  e x i s t s  k such
t h a t  = n. , t h e n  F = G , m- = n .  f o r  a l l  i  and
K k ’ i  l
t h e r e  e x i s t s  4 : V --— > W such  t h a t  4>[F] = G
and = f ^  V  ( i , j )  e T .
P r o o f : As i n  3 . 2 . 4  , (1) => (2)  and (a)  h o l d s .
(b) Le t  F be  s t r o n g  IBN and m^ = n^  . S i n c e
F = e, Ve. = f vWf. = Gm = G , F 3 G by [20 ,  Theorem 4 . 1 ]  . n^  k k k k n^
For  e ach  i  , we now have  Fn = e i ^ e i  ^ ^ i ^ i  “ ^m. 5 *m- '
On page  216 o f  [7]  , Cohn ha s  p r o v e d
5 . 2 . 7  Lemma. The f o l l o w i n g  a r e  e q u i v a l e n t  f o r  any 
r i n g  F and a l l  p o s i t i v e  i n t e g e r s  r  , s :
(a]  F i s  an I B N - r i n g .
(b) I f  M and  N a r e  i s o m o r p h i c  f r e e  F-modules  o f  r a n k  r
and s r e s p e c t i v e l y ,  t h e n  r  = s .
T h e r e f o r e  m? = n? and  h e n c e  m- = n .  V i  .l  i  i i
The l a s t  a s s e r t i o n  o f  t h e  t h e o r e m  now f o l l o w s  f rom 
Lemma 3 . 2 . 5  . / /
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The c a s e  o r  a commuta t i ve  b a se  r i n g  i s  a v e r y  i m po r ­
t a n t  one wh ich  we s h a l l  now c o n s i d e r .  In  t h e  n e x t  t h e o r e m ,  
t h e  f a c t  t h a t  any commu ta t i ve  r i n g  w i t h  u n i t y  i s  an IBN- r ing  
[ 7 ,  Theorem 2 . 6 ]  p r o v e s  t o  be  v e r y  u s e f u l .
Le t  Z(R) d e n o t e  t h e  c e n t e r  o f  a r i n g  R .
3 . 2 . 8  Lemma. I f  R = FB i s  a f u l l  T - r i n g ,  t h e n  
Z(R) = Z(F) .
P r o o f : Z(R) Cl Cent  B = F so  Z(R) (Z Z(F) . A l s o ,  s i n c e  
F C R , we have  Z(F) C  Z(R) . / /
3 . 2 . 9  Theorem.  Suppose  V = F_ „ = W - Gm------------------------  i »* •■»n v m1 , . . . , m w
where  F i s  commuta t i ve  and n ,  + . . .  + n = m, + . . .  + rn .l  v 1 w
Then
(a)  G = F
(b) i f  F i s  a l s o  s em ip r im e  and i n d e c o m p o s a b l e ,  t h e n
w = v and t h e r e  e x i s t s  a p e r m u t a t i o n  p o f  { l , . . . , v }
su ch  t h a t  m. a n _ n i  V  i  i  P U J
(c)  i f  F i s  p r i m e ,  t h e n  w = v and m. = V  i  .
P r o o f : (a)  Ka p l a ns ky  [23 ,  page  160] has  shown u s i n g  
r e s u l t s  o f  A m i t s u r  and L e v i t z k i  [1] t h a t  an n by n t o t a l
m a t r i x  r i n g  o v e r  a commuta t ive  r i n g  s a t i s f i e s  t h e  " s t a n d a r d "
p o l y n o m i a l  i d e n t i t y  P2n = Z f _1 ^axa ( l )  xa ( 2 n)  *
a e S 2 n
H e r e ,  S i s  t h e  sy m m et r i c  g roup  on k symbol s  and ( - 1 ) °  i sK
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+ 1  o r  - 1  a c c o r d i n g  t o  w h e t h e r  a i s  an even  o r  odd pe rm u ­
t a t i o n  r e s p e c t i v e l y ,  S i n c e  Fn s a t i s f i e s  P2 n , so  does  V and 
he n ce  a l s o  W . Thus ,  V g , h e G , ? 2n  s a t i s f i e d  by  t h e  
2 n e l e m e n t s  g f nn , h f nn , f n n . j  , ^  n _ 2 ,
f„-2 n - 2 .........f22 > f21 ' f u  of W (where the £ij are
m a t r i x  u n i t s  o f  W) . P l u g g i n g  t h e s e  2n e l e m e n t s  i n t o  t h e  
p o l y n o m i a l ,  we f i n d  t h a t  a l l  t e rm s  b u t  two v a n i s h  and  we 
a r e  l e f t  w i t h  g h f n 2 ~ = 0 • C o n s e q u e n t l y  gh = hg V g ,
h e G so G i s  c o mm ut a t i v e .  By 3 . 2 . 8  , Z(V) = F and Z(W) = G 
so  i f  <J i s  t h e  g iv en  i so m o rp h i sm  from V t o  W , t h e n  
$ [F ]  = G .
(b) Le t  F be s em ip r ime  and i n d e c o m p o s a b l e .  We w i l l  
employ t h e  f o l l o w i n g  t h e o re m  o f  J a c o b s o n  ( s e e  [13,  page  4 2 ] ) :  
I f  A i s  a r i n g  such  t h a t  = A and A = A^ © . . . © A^ where  
t h e  A^ a r e  i n d e c o m p o s a b l e  i d e a l s ,  t h e n  t h i s  d e c o m p o s i t i o n  
i s  u n i q u e .
S i n c e  F i s  s e m i p r i m e ,  r a d  F = 0 and  r a d  V = E e .V e .  .
i > j  1 J
v
L i k e w i s e ,  r a d  W = E f . W f .  . Thus ,  © Z e . V e .  = V / r a d  V
i> j  1 J i = l  1
w
= W/rad W 5 © E f .Wf .  .
i = l  1 1
S i n c e  F i s  i n d e c o m p o s a b l e ,  e ach  *s i n d e c o m p o s a b l e  by
2 , 4 . 2  . L i k e w i s e ,  e ach  f^Wf^ i s  i n d e c o m p o s a b l e .  Of c o u r s e ,
v 2 v
( E e . V e . )  = E e . V e .  s i n c e  t h i s  i s  t r u e  f o r  any r i n g  w i t h  
i = l  1 1 i = l  1 i
u n i t y .  T h e r e f o r e ,  by J a c o b s o n ' s  t h e o r e m ,  w = v and t h e r e
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e x i s t s  a  p e r m u t a t i o n  p o f  { l , . . , , v }  such  t h a t  e a c h
= f . W f .  = = F„ . But  F = G so
m*. i  i  pCO P U )  np ( i )
F = G = F . Now s i n c e  F i s  an I B N - r i n g ,  m. = n
mi  mi  n p ( i )  1 P M
b y  3 . 2 . 7  .
(c)  Now suppose  F i s  p r i m e .  Then G i s  a l s o  p r i m e ,  
so by 3 . 2 . 4  , v = w and e a c h  e-Ve-  = f . Wf .  , Aga in  s i n c e/ 7 1 1 1 1 °
F = G and F i s  an  I B N - r i n g ,  m, = n .  V i  , / /
3 . 3  More Examples
We have y e t  t o  g i v e  an example  t o  show t h e  non-  
p e r m u t a b i l i t y  o f  t h e  b l o c k  num ber s .  Toward t h a t  e n d ,  l e t  F 
be a f i e l d  and sup p o se  2 ^ F 2 1 ’ ^ nce  a f i e l<i i s p r ime  
and a l s o  a v e r y  s t r o n g  I B N - r i n g ,  t h i s  c o n t r a d i c t s  t heo re m
3 . 2 . 4  (c)  . We have  now a n sw e r ed  n e g a t i v e l y  a l l  o f  t h e  
q u e s t i o n s  i n  t h e  f i r s t  p a r a g r a p h  o f  C h a p t e r  T h r ee .
B e fo re  go i n g  on t o  t h e  n e x t  e x a m p l e ,  we o b s e r v e  
t h a t  F^ 2 antl F 2 1 a r e  " s i m i l a r "  i n  a t  l e a s t  one r e s p e c t ,  
and more g e n e r a l l y ,  any f u l l  T - r i n g  i s  s i m i l a r  i n  t h i s  same 
manner  t o  t h e  new f u l l  T - r i n g  o b t a i n e d  by an a r b i t r a r y  p e r ­
m u t a t i o n  o f  i t s  b l o c k  number s .
3 . 3 . 1  Theorem.  Le t  R = F„ _ , p be  any permu-
■ "  , n r
i
t a t i o n  o f  { l , . . . , r }  , and  S = F . Then -R
n p ( D  np ( r )  F
and pS a r e  i s o m o r p h i c  as F - m o du le s .
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P r o o f ; Le t  R = FB and  S = FC , S i n c e  B and C a r e
F - b a s e s  o f  R and S f i t  s u f f i c e s  t o  show t h a t  Card  B -
r  r
Card C , Now Card B = E n . n .  and Card C = £ n - . . n  „ „
i > j = l  1 3 i > j = l  PCI)  P ( j )
so l e t
X = {nt n j  | i  , j  = 1 , .  . .  , r  ; i  > j }
and Y = {np ( i ) n p ( j ) I = ; i  > j }  .
C l a i m : X = Y . Le t  n ^ n . e X . Then i  = p ( k )  and
J
j = p(nO f o r  some k , in . I f  k > m , t h e n  n ^ n .  =
J
n pCk)n p(i») ^ Y . I f  m > k , t h e n  -  np (m)n p ( k )  e Y .
Thus X C  Y , S i m i l a r l y ,  X D Y  . /
Hence Card  B =  £ x = £ y = Card C . / /
xeX yeY
I f  F i s  c o m m u t a t i v e ,  we can s ay  more a b o u t  F and
l  > ^
i  : They a r e  a n t i - i s o m o r p h i c .  More g e n e r a l l y ,  any f u l l  
T - r i n g  ov e r  a commu ta t i ve  r i n g  i s  a n t i  - i s o m o r p h i c  t o  t h e  new 
f u l l  T - r i n g  o b t a i n e d  by r e v e r s i n g  i t s  b l o c k  number s .
3 . 3 . 2  Theorem.  I f  F i s  c o m m u t a t i v e ,  t h e n  Fn    n 2 , . . . , n r
i s  a n t i - i s o m o r p h i c  t o  F_ „71 n  ^ » i iii^r» r - 1 ' 1
P r o o f :  Le t  R = F = FB w i t h  B =  n-^, . .  . , n r
{e.  . | ( i  , j ) e T} and S = F
X  J  11^ . ,  .  .  . = FC w i t h  C =
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{ e •• I ( i » j )  e T 1} . From t h e  p r o o f  o f  3 . 3 . 1  we know t h a t  
Card B « Card C , M or e ov e r ,  i n  t h i s  c a s e ,  t h e r e  i s  a n a t u r a l  
o n e - t o - o n e  c o r r e s p o n d e n c e  be tw ee n  B and  C : t h e  r e f l e c t i o n  
abou t  t h e  l o w e r - l e f t - t o - u p p e r - r i g h t  d i a g o n a l :
e i j  * e ( n + l - j ) ( n + l - i )  *
Th is  f u n c t i o n  e x t e n d s  t o  an F - i so m o rp h i sm
0 : R --------------- * S
0 ( £ x . . e . . )  = £ x . . e ,   ^ !
( i . j J e T  13 13 C M J e T 13 Cn+l - 3 ) Cn+l - i )
and so  a l l  t h a t  r em a in s  i s  t o  show t h a t  0  r e v e r s e s  p r o d u c t s .
Let  x = £ x- -e .  . and y = £ y. e Vm be i n
( i . j ) e T  13 13 (k  ,11.) eT k,n
R . Since 9 Cei;jekm) = S(«jke ira) -  «jke (n+ l - » ) ( n + l - i )  *
e ( n + l - m ) ( n + l - k ) e ( n + l - j ) ( n + l - i )  = e ( e km5eCei j ) - we g e t
0 (xy)  = 0 ( £ x .  e . .  £ yvmeitm)
( i , j ) e T  13 13 (k ,m)eT  km km
= 0 ( £ £ x .  .y,  e .  .e,  )
( i , j ) eT (k ,m)eT 13 km 13 km
£ £ x y, 0 ( e . . e ,  1
( i  , j ) eT (k ,m )eT  13 km 13 km
(k ,m) eT ( i J ) e T  k 13  3
( k ,m)eT km km ( i , j ) e T  13 13
= O ( y ) 0 (x)  . / /
The f o l l o w i n g  example  shows t h a t  we c a n n o t  d rop  t h e  
a s s u m p t i o n  i n  3 . 2 . 4  Cl) o r  i n  3 . 2 . 6  (1)  t h a t  F i s  p r i m e .
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5 . 3 . 5  E xa m pl e . There  e x i s t  r i n g s  F , G w i t h  u n i t y ,
F n o t  p r i m e ,  su ch  t h a t  j. i  “ ^ ,
P r o o f : Let  K be any r i n g  w i t h  u n i t y ,  F = and
G = Kl , l , l  *
C l a i m : V = Fj   ^ 1 = (K^ ^ ^  ^  i s  i s o m o r p h i c  t o
W = G-, i = (K., , 1 ) 1 . . To show t h i s ,  we f o l l o w  t h e  p a t t e r n  
1 > 1 1 , 1 , 1  1 , 1
o f  p r o o f  u sed  i n  Theorem 3 . 1 . 2  . Let  {gs t  | s , t  = 1 , . . . , 6 }
be t h e  g i v e n  s e t  o f  m a t r i x  u n i t s  f o r  and
2 2
R = 2 2 KRr->  ^ /">
x>y=0  i  >.j = 1  ^  ^y
The f u n c t i o n  $ : V -> R d e f i n e d  by $ ( e —fp^)
= g ( 2 ( p - l ) + i H 2 ( q - l ) + j )  iS an i som orPh i s m  as i n  3 ’ 1 * 2 • 
L i k e w i s e ,  f o r
1 3
S = x>y=o ’
: W > S
Cei j £pq ) = g ( 3 ( p - l ) + i ) C 3 C q - l ) +j5
i s  an i s o m o r p h i s m .  Thus ,  we ne ed  o n l y  show R = S . R = FC 
and S = FD where
c = <* ( 2 X+i ) C 2 y + j )  h i ) r  = 0 > 1 ’ 2 ; 1 -  i  "  1 , 2 )
and D = {g ( 3 x + i H 3 y +j )  * x > y = 0 , 1  ; i  > j = 1 , 2 , 3 }  .
De f ine  a p e r m u t a t i o n  p o f  { 1 , 2 , 3 , 4 , 5 , 6 } by
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P ( l )  = 1 P ( 4 )  = 5
p ( 2 ] = 4 pC5) = 3
P  C 3 )  = 2 P  ( 6 )  = 6  .
By i n s p e c t i o n  o f  t h e  d i a g r a m  be low ,  we see  t h a t  p i n d u c e s  a 
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We c o n c l u d e  R = S b y 3 . 1 . 3 s o V = R = S  = W . / /
3 . 3 . 4  Remarks , ( a )  Let  us r e t u r n  f o r  a moment t o  
Theorems 3 . 2 . 4  and 3 . 2 . 6  . Example 3 . 3 . 3  has  s e r v e d  t o  show 
t h a t  t h e  h y p o t h e s i s  o f  p r i m e n e s s  f o r  F i n  Cl) ° f  3 , 2 , 4  and
3 . 2 . 6  c an n o t  be  e l i m i n a t e d .  Now c o n s i d e r  a s s u m p t i o n  (2 )  o f  
t h e  same t h e o r e m ;  t h i s  c o v e r s  t he  c a s e  o f  w s 1 . T he r e  we 
assumed t h a t  b o t h  F and G a r e  p r i m e .  Can we d r o p  t h e  assump 
t i o n  o f  p r i m e n e s s  f o r  a t  l e a s t  one o f  them? The answer  i s
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n o ,  For  l e t  G = F , Then F = G (even  when F i s  a
X 9 J . u   ^ u  L t
p r im e  r i n g )  by Theorem 3 , 1 , 2  ,
(b)  To f u r n i s h  t h e  d e s i r e d  c o u n t e r e x a m p l e s  a b o v e ,  
we ne ed ed  some n o n - p r i m e  r i n g s .  The n o n -p r i m e  r i n g s  we 
e x h i b i t e d ,  namely ^ and ^ , f a i l  v e r y  b a d l y  to  be 
p r i m e .  I n  f a c t ,  t h e y  a r e  n o t  even  s e m ip r i m e .  (By 2 , 2 . 1  , t h e  
p r i me  r a d i c a l  o f  any  f u l l  T - r i n g  i s  n o n - z e r o . )  Th is  s u g g e s t s  
t h e  p o s s i b i l i t y  o f  weaken ing  t h e  h y p o t h e s i s  o f  p r i m e n e s s  i n
3 . 2 , 4  o r  3 , 2 . 6  t o  s e m i p r i m e n e s s . Whether  o r  n o t  t h i s  c an  be 
done r e m a in s  an open  q u e s t i o n .
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CHAPTER IV 
ORDERS IN T-RINGS 
4 .1  P r e l i m i n a r i e s
4 , 1 . 1  N o t a t i o n . Fo r  any r i n g  Q w i t h  s u b s e t s  R and S , 
l e t  U(Q) d e n o t e  t h e  g roup o f  u n i t s  o f  Q and RS"^ , R'^S 
d e n o t e  t h e  s e t s  { r s~^  | r  e R ; s e S D  U(Q )} ,
{ r ’ 1s | r  e R f i U ( Q )  ; s e S} r e s p e c t i v e l y .
4 . 1 . 2  D e f i n i t i o n . A s u b r i n g  R o f  a r i n g  Q w i t h  u n i t y  
w i l l  be c a l l e d  a r i g h t  ( l e f t )  o r d e r  o f  Q when Q = RR~*
CQ = R" 1 R) .
4 . 1 . 3  D e f i n i t i o n . A r i n g  F i s  c a l l e d  a l o c a l  r i n g  i f  
t h e  n o n u n i t s  o f  F form an i d e a l .
The p u r p o s e  o f  t h i s  c h a p t e r  i s  t o  g i v e  a d e s c r i p t i o n  
o f  r i g h t  ( l e f t )  o r d e r s  i n  f u l l  T - r i n g s .  In  [ 9 ] ,  F a i t h  and 
Utumi p ro v e  a b e a u t i f u l  t h e o r e m  wh ich  d e s c r i b e s  t h e  r i g h t  
o r d e r s  i n  a t o t a l  m a t r i x  r i n g  o v e r  a d i v i s i o n  r i n g .  In  [ 2 1 ] ,  
J o hn s o n  o b t a i n s  a d e s c r i p t i o n  o f  r i g h t  o r d e r s  i n  a  t o t a l  
m a t r i x  r i n g  ov e r  an a r b i t r a r y  r i n g .  In  t h e  l o c a l  c a s e ,  a 
g i v e n  r i g h t  o r d e r  i n  t h e  t o t a l  m a t r i x  r i n g  a r i s e s  f rom a 
r i g h t  o r d e r  i n  a s u i t a b l e  b a s e  r i n g .  In  s e c t i o n  4 . 2  , we 
g e n e r a l i z e  t o  o b t a i n  t h e  a n a l o g o u s  r e s u l t s  f o r  a r i g h t  o r d e r  
i n  a f u l l  T - r i n g  o v e r  a l o c a l  r i n g .
5 S
4 . 1 . 4  Lemma. Suppose  R i s  a r i g h t  o r d e r  i n  Q and
R C  S C  Q f o r  some s u b r i n g  S o f  Q . Then S i s  a l s o  a r i g h t
o r d e r  o f  Q .
P r o o f : For  a l l  q e Q , q -  xy"^  £ R R ' l  C  SS"-*- . / /  
The f o l l o w i n g  r e s u l t  i s  w e l l - kn o w n .
4 . 1 . 5  Lemma. Let  R be a r i g h t  ( l e f t )  o r d e r  i n  Q and 
S some f i n i t e  s u b s e t  o f  Q . Then t h e r e  e x i s t s  u e R H  U(Q) 
such  t h a t  Su C  R(uS d  R) .
4 . 1 . 6  Theo rem. Le t  Q = FB be a f u l l  T - r i n g  of  r a n k  n
and B. = B H  Qe . .  f o r  j  = l , . . . , n  . I f  K. , . . . , K  a r e  r i g h tj j j J 1 n °
n
o r d e r s  i n  F and R i s  any s u b r i n g  o f  Q c o n t a i n i n g  E K.B.  ,
j  = l  1 1
t h e n  R i s  a r i g h t  o r d e r  i n  Q . In  f a c t ,
Q -  C I  U . ) (  ”  K e r 1
j = 1  ^ ^ j = 1  -1 U
P r o o f :  Le t  q = E q . . e . . £ Q . For  e ach  i , t h e r e--------------- ^ ^ i j  l j
e x i s t s  (by 4 . 1 . 5 )  c^ e Kj H u ( F )  su ch  t h a t  Q i j c j  e f ° r
n
a l l  i  . I f  c = E c . e . .  , t h e n  qc  = E ( q . . c . ) e . .  e EK.B. .
j = i  i n  n  i  n  i  i
Thus q e (EK.B .) (EK.e . . ) - 1  and R i s  a r i g h t  o r d e r  by 
M 1 1 JK 1 11
4 . 1 . 4  . / /
The f i r s t  a s s e r t i o n  o f  t h e  n e x t  r e s u l t  i s  a c o r o l ­
l a r y  o f  4 . 1 . 6  ; howe ve r ,  t h e  l a s t  s t a t e m e n t  r e q u i r e s  a 
d i f f e r e n t  ( y e t  s i m i l a r )  p r o o f .
4 . 1 . 7  C o r o l l a r y . Le t  Q = FB be a f u l l  T - r i n g  o f  d e ­
g r e e  r  and B^  = B f l  Qe^ f o r  j  = 1 , . . . , r  . I f  K ^ , . . . , K r  a r e  
r i g h t  o r d e r s  i n  F , and R i s  any s u b r i n g  o f  Q c o n t a i n i n g
E K.B. , t h e n  R i s  a r i g h t  o r d e r  i n  Q . In  f a c t ,  
j = i 3 3
q = ( E U . ) (  E K.e  r 1 • 
j = l  3 3 j - 1  3 3
P r o o f :  Le t  q 3 £ E qub e Q . For j = l , . . . , r
j - 1  b e B . D 
J J
t h e r e  e x i s t s  c^ e 0  U(F) su ch  t h a t  q^c^ e Kj V b e B^ .
r  r  r
Now l e t  c = E c . e .  . Then qc  = ( E E q, b) ( E c ^ e . )  = 
j = l  J J i = l  beB.  b i = l
r  J
E E (qHc . ) b  e EK.B. . T h u s ,  q e (EK - B .) (EK . e .) " 1 . / /
j = l  beB.  J J J J J J J
J
Remark. Theorem 4 . 2 . 1  be low shows t h a t  e v e r y  r i g h t  
o r d e r  i n  a f u l l  T - r i n g  o v e r  a l o c a l  r i n g  can be  d e s c r i b e d  
as  R i n  4 . 1 . 7  .
4 . 1 . 8  C o r o l l a r y . Le t  Q = FB be  a f u l l  T - r i n g .  I f  
K i s  a r i g h t  o r d e r  i n  F and  R i s  any s u b r i n g  o f  Q co n ­
t a i n i n g  KB , t h e n  R i s  a r i g h t  o r d e r  i n  Q . In  f a c t ,
Q = (KB)K" 1 .
57
P r o o f :  Let  q = 2 qKb e Q . There  e x i s t s  c e k OU(F)
beB
su c h  t h a t  qh c e K f o r  a l l  b e B .  Thus qc = 2 (q, c ) b  e KB
D beB D
so  q e (KB)K' l  . / /
Remark . C o r o l l a r y  4 . 2 . 4  be low shows t h a t  wh eneve r  
F i s  a l o c a l  r i n g  i n  w h ic h  t h e  i n t e r s e c t i o n  o f  any two 
r i g h t  o r d e r s  i s  a r i g h t  o r d e r ,  t h e n  any r i g h t  o r d e r  i n  a 
f u l l  T - r i n g  o v e r  F can be d e s c r i b e d  as  R i n  4 . 1 . 8  .
4 . 1 . 9  Lemma. Le t  Q be a f u l l  T - r i n g  and q £ U(Q) . 
Then ea c h  e^qe^  e U(e^Qe^)  .
P r o o f : T h e r e  e x i s t s  t  i n  Q s u c h  t h a t  q t  = t q  = 1^ .
S i n c e  q t  = l n , 2 e q e .  2 e t e  = 2 e qe  t e  = 1
M i > j  1 J p>s  P s i > J > s  1 3 V
= 2 e i  . E a c h  e ^ q e ^ e * .  e e ^ e , .  s o  ( e i q e i ) ( e ^ e ^  = e i  .
S i m i l a r l y ,  t q  = 1q i m p l i e s  ( e ^ t e ^ )  ( e ^ q e ^ )  = e ^  . Hence  
e . t e . i s  t h e  i n v e r s e  i n  e^Qe-  o f  e - q e -  . / /
-L .L *1*
We a r e  now i n  a  p o s i t i o n  t o  s t a t e  and  p r o v e  t h e  
t h e o re m  wh i ch  d e s c r i b e s  an a r b i t r a r y  r i g h t  o r d e r  i n  a f u l l  
T - r i n g .
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4.2  G e n e r a l i z a t i o n  o f  t h e  F a i t h - U t u m i  Theorem
4 . 2 . 1  Theorem. Le t  R be a r i g h t  o r d e r  i n  a  f u l l  
T - r i n g  Q o f  d e g r e e  r  . Then
( i )  t h e r e  e x i s t
(1)  a s e t  B of  m a t r i x  u n i t s  f o r  Q ,
(2)  u e r D  U(Q) ,
and (3)  s u b r i n g s  K ^ , . . . , K r  o f  F = Cent  B 
such  t h a t
r
(a)  f o r  B - = B Pi Qe - , Z K-B, C R
J J j = i  J J
r
and (b)  f o r  N = Z e . R e .  , uRu Cl N + Z K.B.  ;
i> j  1 J j = l  J J
( i i )  i f  R i s  a l s o  a l e f t  o r d e r  i n  Q , t h e n  f o r  any s e t  B
o f  m a t r i x  u n i t s  f o r  Q , t h e r e  e x i s t  t h e  u n i t  u and t h e
s u b r i n g s  Kj as  above s u c h  t h a t  ( a)  and (b)  h o l d ;
( i i i )  i f  F i s  a  l o c a l  r i n g  , t h e n  each  i s  a  r i g h t  o r d e r
r  r  -1 i n  F and f u r t h e r m o r e ,  Q =(  Z K .B^ ) (  Z K . e . )
j = l  J ■* j = l  J J
P r o o f : ( i )  There  e x i s t s  a s e t  A = { f ^  | ( i , j )  e T}
of  m a t r i x  u n i t s  f o r  Q and  E = Cent  A ; so  Q = EA , By 4 . 1 . 5  ,
t h e r e  e x i s t s  c e R 0  U(Q) such  t h a t  Ac C  R • Let  e . . =
J
c ' ^ f  — c f o r  a l l  ( i , j )  e T , B = { e ^  J ( i , j )  e T and
F = Cent  B . Then F = c _1Ec and Q = FB . Aga in  by 4 . 1 . 5  ,
t h e r e  e x i s t s  d e R O  U(Q) such  t h a t  Bd CZ R • I f  we now l e t  
u = dc  , t h e n  u e R D U(Q) , uB Cl R , and B u C R  .
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For  j = l , . . . , r  l e t  Kj = {x £ F | xB^ d  R) • For
a l l  x , y  e K_. , (x-y)B_. C R and s i n c e  { J  {0 } ,
xyB.CZ xyB^ = x B . y B . C  R • Thus ,  K- i s  a s u b r i n g  o£ F . By 
J J J J J
r
d e f i n i t i o n  o f  K. , we i m m e d i a t e l y  have  (a)  : 2 K.B.  C  R .
J j = l  J J
r
Now we show ( b ) : uRu C  N + 2 K-B- . Le t  r  e R
j  = l  3 3
r
and  u r u  = 2 r - . e . .  , r . .  e F . We know u r u  e N + 2 FB.
13 13 i j  j = l  3
so  i t  r em a in s  t o  show t h a t  r ,  e K. wheneve r  k , m e P.  .km j j
Le t  k , m e P.  and e e+. e B. . Then e .  , e e B so  j  s t  j sk mt
r,  e . = e , u r u e   ^ e R . Thus r ,  B . C  R and r ,  e K. . km s t  sk  mt km j km j
( i i )  Suppose  R i s  a l e f t  as  w e l l  as a r i g h t  o r d e r  
i n  Q and t h a t  B i s  an a r b i t r a r y  s e t  o f  m a t r i x  u n i t s  f o r  Q 
w i t h  F = Cent  B . By 4 . 1 . 5  , t h e r e  e x i s t  c , d e R D  U(Q)
such  t h a t  c B C R  and Bd C  R . Fo r  u = dc , we have  a g a i n
uB C  R and Bu C R . R e p e a t i n g  t h e  a rg um e n t s  i n  ( i )  , we
o b t a i n  t h e  s u b r i n g s  K ^ , . . . , K r  o f  F s a t i s f y i n g  (a)  and (b) .
( i i i )  Let  F be a l o c a l  r i n g .  We want  t o  show
K.KT1 = F , s o  l e t  f  e F . Le t  m = m. = n .  + . . .  + n . , + 1 .
J J * J 1 3-1
S i n c e  Q = RR" 1  * (uRu) (uRu) " •*- , t h e r e  e x i s t  a , c e R such
t h a t  f e mm = ( u a u ) ( u c u ) . By ( i )  (b) , uau  , u cu  e
r
N + 2 K.B.  . A l s o ,  uau  = Ea^^e . and ucu  = 2c . e  . f o r  some
3 3 s t  s t  s t  s t
a , c  ^ e F where  a „ + , c . e K. wh eneve r  s , t  e P.  .s t  s t  s t  s t  j j
S i n c e  ucu  i s  a u n i t  i n  Q , e ^ ( u c u ) e j  i s  a u n i t  i n  ejQe^ by
4 . 1 . 9  . Thus ,  t h e r e  e x i s t  f  e F such  t h a txy
e .  = E l e . .  . He nce ,  f o r  a l l  
J i e P . 1 1
3
s e P . ,  E c, . f f .  c = 1 . But  F b e i n g  l o c a l  i m p l i e s  t h a t  
J t e P .  t s  
3
u n i t  o f  F , In  p a r t i c u l a r ,  c i s  a u n i t  o f  F f o r  some
t  e P.  . S i nc e  f e  ucu  = uau  , we g e t  f c  . = a and  so
4 . 2 . 2  C o r o l l a r y  ( J o h n s o n ' s  T h e o r e m ) . Le t  R be a 
r i g h t  o r d e r  i n  a t o t a l  m a t r i x  r i n g  Q . Then t h e r e  e x i s t
(1)  a  s e t  B o f  m a t r i x  u n i t s  f o r  Q ,
(2)  u  e R O  U(Q) ,
and (3)  a s u b r i n g  K o f  F = Cent  B
such  t h a t
f o r  e a c h  s e P.  , t h e r e  e x i s t s  t  e P.  su ch  t h a t  c , i s  a 
3 3 s t
mm
e K.KT1 . 
3 3
A l l  t h a t  r e m a in s  t o  be p r o v e d  i s  t h a t  Q =
("EK.B .) f EK. e . ) ;  howe ve r ,  t h i s  now f o l l o w s  i m m e d i a t e l y  
J J 3 3
f rom 4 . 1 . 7  . / /
The ca se  r  = 1 g i v e s  t h e  f o l l o w i n g
uRu C  KB C  R .
I f  F i s  a l o c a l  r i n g ,  t h e n  K i s  a r i g h t  o r d e r  i n  F and 
Q = (KB)K' 1 .
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I f  F i s  a ( n o t  n e c e s s a r i l y  comm uta t i v e )  f i e l d ,  t h e n
4 . 2 . 2  i s  s i m p l y  t he  now c l a s s i c a l  F a i t h - U t u m i  Theorem.
4 . 2 . 3  Example . I t  would  be n i c e  i f  we c o u l d  e l i m ­
i n a t e  t h e  N i n  ( i )  (b) o f  4 . 2 . 1  . Tha t  i s ,  we wou ld  l i k e  t o
be a b l e  t o  s a y  uRu C  EK.B. C  R as  i n  J o h n s o n ' s  Theorem.
J J
However ,  t h e  f o l l o w i n g  example  shows t h a t  t h i s  i s  im po s ­
s i b l e .
Le t  Q = 0 ^   ^ w i t h  B = {e n > e 2 1 , e 2 Z  ^ a s  s e t  mat r ;*-x
u n i t s ;  t h a t  i s  Q = Q  B . Now l e t  R = + e ®  H  .
A c o n v e n i e n t  way t o  v i s u a l i z e  R and Q i s
Claim: R i s  a r ig h t  and l e f t  order in Q . C lear ly ,
R i s  a subring of  Q . Let q = Zq^_.e— £ Q . Each q^ _. =
m. .n?'!' for some m. . , n. . e Z with n. . ^ 0  . Therefore ,
i j  i J  * i j  1 3
- 1  - 1  - 1
q = ml l nU e U  + ”,2 i n2 i e 21 + m22n22e 22
= Cml l n22e n  + m2 l nn n l l n 22e 21 * m22n U e 22H n l i n 2 2 ^ l E R r l
’  n^ l l n22  ^ ^ ml l n22e l l  + ” 21nn nl l n22e 21 * m22ni i e 22) eR' lR • /
Hence there e x i s t  u e R D U(Q) and subrings and
of ^  such that  + ^2^2 ^  ant  ^ u^u C  N + K^ B^  + ^ ^ 2  *
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C l a i m : uRu ( £  K^B^ + K2B2 ■ u e R ^  U(Q3 i m p l i e s
u = v e ^  + x y " 1 e 2 i  + w e 2 2 ^ o r  some v , x , y , w e / Z  w i t h
v , y  , w f  0 . Now l e t  r  = ( | vw | + 1 ) "*e 2i  • Then u r u  =
vw( | vw | + t  + K2 B 2 • T h i s  i s  t r u e  b e c a u s e
K1 B1 + K2 B2 C  R f o r c e s  K ^ Z  y e t  vw ( j vw | + 1 ) " 1 t  Z  . /
I f  N were  d e l e t e d  i n  4 . 2 . 1  ( i )  (b)  , t h e n  t h i s
example  shows t h a t  ( i i )  would  n o t  h o l d .  S i n c e  we have  p r o v e d  
t h a t  ( i i )  does  h o l d ,  t h a t  would  be a c o n t r a d i c t i o n .  / /
4 . 2 . 4  C o r o l l a r y . Le t  R be a r i g h t  o r d e r  i n  a f u l l  
T - r i n g  Q . Then
( i )  t h e r e  e x i s t
(1) a s e t  B o f  m a t r i x  u n i t s  f o r  Q , 
and  (2) a s u b r i n g  K of  F = Cent  B 
suc h  t h a t  K B C  R ;
( i i )  i f  F i s  a  l o c a l  r i n g  i n  wh ic h  t h e  i n t e r s e c t i o n  o f  any
two r i g h t  o r d e r s  i s  a r i g h t  o r d e r ,  t h e n  K i s  a r i g h t  o r d e r
i n  F .
P r o o f : ( i )  By 4 , 2 . 1  , t h e r e  e x i s t  a s e t  B o f  m a t r i x  
u n i t s  f o r  Q and  s u b r i n g s  Kj o f  F = Cent  B su c h  t h a t
EK.B. d  R . Le t  K = C \  . Then K i s  a s u b r i n g  o f  F and
1 1  1 J
KB = EKB • C  SK-B, C  R •
J  J  J
( i i )  Let  F be a l o c a l  r i n g  w i t h  t h e  p r o p e r t y  t h a t  t h e  
i n t e r s e c t i o n  o f  any two r i g h t  o r d e r s  i s  a r i g h t  o r d e r .  Then
e a c h  Kj i s  a r i g h t  o r d e r  i n  F and  hence  so i s  K . / /
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The f o l l o w i n g  example  shows t h a t  t h e  p r o p e r t y  men­
t i o n e d  above i s  n o t  v a c u o u s ;  t h a t  i s ,  t h e r e  do e x i s t  l o c a l  
r i n g s  i n  wh ich  r i g h t  o r d e r s  a r e  f i n i t e  - i n t e r s e c t i o n  - 
c l o s e d .
4 . 2 . 5  Ex am p le . R i g h t  o r d e r s  i n  t h e  r a t i o n a l s  a r e  
c l o s e d  u n d e r  f i n i t e  i n t e r s e c t i o n s .
P r o o f ; Le t  R and  S be r i g h t  o r d e r s  i n  0  . Any n o n ­
z e r o  a d d i t i v e  su bg r o u p  o f  0  c o n t a i n s  a n o n z e r o  i d e a l  o f  H. . 
Hence t h e r e  e x i s t  n o n z e r o  m , n e ^  su ch  t h a t  R ~D m Z  and 
S D  n Z  . E v i d e n t l y  mnZ! Cl R C \  S and m n 2  i s  a r i g h t  
o r d e r  i n  Q .  Thus ,  R C \  S i s  a r i g h t  o r d e r  i n  by 4 . 1 . 4  . / /
The q u o t i e n t  f i e l d  o f  a r i g h t  Ore domain wh i ch  i s  
n o t  l e f t  Ore i s  an example  o f  a l o c a l  r i n g  w i t h  two r i g h t  
o r d e r s  whose i n t e r s e c t i o n  i s  n o t  a r i g h t  o r d e r .  For  l e t  K be 
a r i g h t  b u t  n o t  l e f t  Ore domain w i t h  q u o t i e n t  f i e l d  F . There  
e x i s t  n o n z e r o  x , y e K su ch  t h a t  Kx H  Ky = 0 . Then Kx and 
Ky a r e  r i g h t  o r d e r s  i n  F w i t h  i n t e r s e c t i o n  n o t  a r i g h t  o r d e r .
Each o f  t h e  r e s u l t s  o f  t h i s  c h a p t e r  which  h a s  been  
s t a t e d  f o r  r i g h t  o r d e r s  ha s  a l e f t  a n a l o g .  For  e x a m p le ,  t h e  
l e f t  a n a l o g  o f  Theorem 4 . 2 . 1  would  r e a d
64
4 . 2 . 6  Theorem. Le t  L be a l e f t  o r d e r  i n  a  f u l l  
T - r i n g  Q o f  d e g r e e  r  . Then
( i )  t h e r e  e x i s t
(1) a s e t  B o f  m a t r i x  u n i t s  f o r  Q ,
( 2 ) u e L P i  U(Q) ,
and (3) s u b r i n g s  o f  F = Cent  B
suc h  t h a t
r
(a)  f o r  B. = B f l e . Q  , Z K. B . C L  
1 1 i = l
r
and (b) f o r  N = Z e - R e .  , uLu C  N + Z K.B.  ;
i > j  1 J i = l  1 1
( i i )  i f  L i s  a l s o  a r i g h t  o r d e r  i n  Q , t h e n  f o r  any s e t  B 
o f  m a t r i x  u n i t s  f o r  Q , t h e r e  e x i s t  t he  u n i t  u and t he  
s u b r i n g s  as  above su c h  t h a t  (a)  and (b) h o l d ;
( i i i )  i f  F i s  a l o c a l  r i n g ,  t h e n  e a c h  i s  a l e f t  o r d e r  i n
r  - 1  r  F and f u r t h e r m o r e ,  Q = ( Z K^e^) ( Z K^B^) .
i = l  i = l
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